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Preface 


The theory of topological vector spaces — as a branch of functional analysis, 
motivated by applications and pushed forward also for abstract reasons — 
was developed over a long period of time, say, starting in the 1940s, and 
adopted in universities for teaching in the 1960s, when it became mandatory 
for advanced students in analysis to acquire knowledge in this topic. It was 
indeed in the late 1960s that I attended a course, given by the late Prof. W. 
Roelcke, University of Munich, on topological vector spaces and received 
my fundamental education in this area. When working in partial differential 
equations, operator theory, or some other topics in functional analysis, I 
always appreciated my knowledge in this abstract part of functional analysis, 
mainly as a somehow always present background. 

It was in 2011, during discussions with some graduate students and 
young colleagues, that I discovered that they did not have, and missed, this 
kind of background — and in fact asked how they should have acquired it, due 
to the lack of offered courses. It was then that I decided to teach a course on 
this topic. 

Due to the nature of the course, the book is certainly not intended to give 
an exhaustive treatment of the topic. The background the reader should have 
is the material presented in a basic course in functional analysis. In fact, the 
first two chapters of the book contain topics which mostly had been treated 
already in my basic course on functional analysis. Also, as seen immediately 
from the table of contents, the course is directed toward the theory of locally 
convex spaces. 

The intended main objective of the course was the treatment of topologies 
for dual pairs, fundamental properties of which are contained in Chapters 3 
to 6 — but unavoidably dual pairs are always present in the theory of 
locally convex spaces. In particular, the introduction of polar topologies 
and the Mackey—Arens theorem can be considered as a minimal kernel 
for the treatment of dual pairs. The topics of Chapters 8 to 11, reflexivity, 
completeness, locally convex final topology including applications, and 
compactness, are still pretty standard for the course. 

Having covered these basic topics, I decided to present a choice of 
results which are of interest even for Banach spaces but need the theory of 
locally convex spaces. These are the Krein—Smulian theorem in Chapter 12, 
the Eberlein-Smulian theorem in Chapter 13 and the theorem of Krein 
in Chapter 14. Having talked so much about weakly compact sets in 
Chapters 13 and 14, I used Chapter 15 to present an important nontrivial 
example, in the form of weakly compact sets in L,-spaces. Finally, in 
Chapter 16, I thought it of interest to present an example where it is possible 
to determine the bidual of a locally convex space for which one does not have 
an explicit representation of the dual. 
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The topics of Chapter 7, on Fréchet spaces, and Chapter 17, the Krein— 
Milman theorem, were not part of the actual course. 

Clearly, in a presentation of results that have been developed over a long 
time, one cannot expect much originality. Nevertheless, desiring to proceed 
to interesting topics as fast as possible, I tried to present a streamlined 
approach, omitting many sidelines which might be interesting but not 
directly contributing to the aim I had in mind. According to my personal 
tastes in reading, I preferred a concise style where all needed ingredients are 
mentioned, but some active collaboration of the reader is required. 

It may seem somewhat strange that I delegated the Hahn—Banach 
theorem and the uniform boundedness theorem to appendices. The reason 
is that I considered them as belonging to the prerequisites covered in a basic 
course on functional analysis (and in fact in the course itself, they were not 
included). 

At the beginning of each chapter, I give a brief outline of topics treated 
therein. In the notes at the end of each chapter I try to mention the sources 
for the main results, sometimes adding further comments. 

In an index of notation and an index, the reader can find the explanation 
of the symbols and of the terminology used in the text. 

Finally, I want to add acknowledgements of various kinds. First of all, 
I want to thank the late Prof. Walter Roelcke for his introduction to the 
topic. Next, it is a pleasure to thank my colleagues and friends for many 
years from Munich times, Peter Dierolf and the late Susanne Dierolf, for 
many discussions and exchanges on various topics in the area as well as 
for the collaboration with Peter Dierolf. Finally, to come to more recent 
times, my thanks go to the late Prof. John Horvath for communication on the 
manuscript and for encouragement. It is a pleasure to thank Sascha Trostorff, 
Hendrik Vogt, and Marcus Waurick for many discussions on various topics 
in the book, and to Sascha Trostorff and Marcus Waurick for reading the first 
manuscript and discovering gaps, errors, and misprints. Also, I am much 
obliged to Dirk Werner for various comments on contents, examples, and 
misprints; in particular, it was his suggestion to include a chapter on Fréchet 
spaces, because of their importance in analysis. 

And last but not least, along another line, I thank my wife Marianne for 
lifelong support and patience. 


Dresden, Germany Jiirgen Voigt 
August 2019 
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Initial Topology, Topological Vector 
Spaces, Weak Topology 


The main objective of this chapter is to present the definition of topological vector spaces 
and to derive some fundamental properties. We will also introduce dual pairs of vector 
spaces and the weak topology. We start the chapter by briefly recalling concepts of 
topology and continuity, thereby also fixing notation. 


Let X be a set, r C P(X) (the power set of X). Then Tt is called a topology, and 
(X, T) is called a topological space, if 


for any S Ct one has (JS € 1, 
for any finite F C t one has()F et. 


(This definition is with the understanding that _J)@ = 9,()@ = X, with the 
consequence that always @, X € t.) Concerning notation, we could also write 


(iss Je, PjF=f}4: 


UeS AcF 


If S = (U,)er or F = (An)nen are families of sets, with N finite, then one can also 
write 


U{uscen= Wu. (\f{Ans nen} =) An. 


vel neN 


The sets U € t are called open, whereas a set A C X is called closed if X \ A is 
open. For a set B C X we define 

B (= intB) := L{U; U et, U C B}, the interior of B (an open set), 

B (=clB):= (\{A; AD B, A closed}, the closure of B (a closed set). 
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For x € X,aset U C X is called a neighbourhood of x if x € U , and the collection 
U, := {U C X; U neighbourhood of x} 


is called the neighbourhood filter of x. (Note that U 1 V € U, if U,V € U,.) 
A neighbourhood base 6 of x is a collection B C U, with the property that the 
neighbourhood filter coincides with the collection of supersets of sets in B. (Note that 
neighbourhoods need not be open sets.) 

A topological space (X, tT) is called Hausdorff if for any x, y e X, x # y, there 
exist neighbourhoods U of x, V of y such that UN V = ©. 

If (X, d) is a semi-metric space, i.c., X is a set and the semi-metric d: X x X > 
[0, oo) is symmetric and satisfies d(x, x) = 0 (x € X) as well as the triangle inequality 


d(x, y) <d(x,z)+d(z, y) (x, y,z€X), 


then d induces a topology tg on X: A set U C X is defined to be open if for all x «¢ U 
there exists r > 0 such that B(x, r) C U, where 


B(x,r) = Bx(x,r) = Ba(x,r) = {ye X; d(y,x) < r} 


is the open ball with centre x and radius r. The corresponding closed ball will be 
denoted by 


Bix, r] = Bxlx,r] = Balx,r] := {ye X; d(y,x) <r}. 


(We mention that our definition of ‘semi-metric’ often runs under the name ‘pseudo- 
metric’; we found our notation more convenient, as it is parallel to ‘semi-norm’, 
mentioned later.) The topology ty is Hausdorff if and only if d is a metric, ice., 
additionally to the previous properties one has that d(x, y) = O implies x = y. 

A topological space (X, T) is called (semi-)metrisable if there exists a (semi-)metric 
on X such that t = Ty. 

If t D o are topologies on a set X, then T is said to be finer (or stronger) than o, and 
o is said to be coarser (or weaker) than t. The trivial topology {@, X} is the coarsest 
topology on X, and the discrete topology P(X), i.e., the collection of all subsets of X, 
is the finest topology on X. 

Let (X, tT), (Y, o) be topological spaces, f: X — Y,x € X. Then f is continuous 
at x if f—!(V) is a neighbourhood of x, for all neighbourhoods V of f (x). The mapping 
f is called continuous, if f is continuous at every x € X, and this is equivalent to the 
property that f—!(V) € t for all V €o. The mapping f is a homeomorphism, if f is 
continuous and bijective, and the inverse f -l. y — X is also continuous. 
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Remark 1.1 Let X be a set, F C P(P(X)) a set of topologies. Then it is easy to see that 
(| is a topology on X. In order to spell this out more explicitly, we note that 


(\r=(\t={ACX; Aer forallt er}. 


tel 


(In this case, because of the subscript ‘t € I’, ()t does not mean ()y<, U.) A 
Let X be aset, S C P(X). Then 
topS := Biz t topology on X, t D S} 


is the coarsest topology containing S, called the topology generated by S, and S is 
called a subbase of top S. 
If t is a topology, 6 C t, and for all U € t one has that 


u=|(JivVeB; Vv cu}, 
then B is called a base for t. If S is a subbase of 1, then it is not difficult to show that 
Bee PEG F finite} (1.1) 


is a base of T. 
Let X be aset. Let J be an index set (i.e., a set whose elements we use as indices), and 
for: € I let (X,, t,) be a topological space and f,: X — X,a mapping. The topology 


top{ f.1(U,); Wet, vel} (1.2) 


is the coarsest topology on X for which all mappings f, are continuous; it is called the 
initial topology with respect to the family (f,; ¢ € J). A base of the initial topology is 
given by 


{a f'U,); F CI finite, U, et, We rn}: (1.3) 


lcF 


this is a consequence of (1.1) and (1.2). 
The product topology on [],.; X, is the initial topology with respect to the family 
(pr,; ¢ € J) of the canonical projections. A base of the product topology is given by 


{T1u. « I] X,; F CI finite, U, € 1, wer}. 


leF vel\F 


The following theorem is an important key result on initial topologies, which will be 
used repeatedly in this treatise. 
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Theorem 1.2 

Let (Y,o), (X, 7), (X,, %) (©€ 1) be topological spaces, g: Y > X, f,: X > X, 

(L€ 1), t the initial topology with respect to (f,; 1€ 1). Let y € Y. Then: 

(a) g is continuous at y if and only if f, 0 g is continuous at y (€ 1). 

(b)  g is continuous if and only if f, 0 g is continuous (t € I). 

(c) The initial topology on Y with respect to g is the same as the initial topology with 
respect to (fog; lel). 


Proof 

(a) The necessity is clear. In order to show the sufficiency, let U be a neighbourhood of 
g(y). There exist a finite set F C J and U, € t, (« € F) such that (),<¢ f UW) Cc Uis 
a neighbourhood of g(y). (Recall that these sets constitute a base of the initial topology.) 
Therefore, the set 


e "(16 Wd) =e) =Thioay wo 


leF .eF leF 


is a neighbourhood of y, and is a subset of g~!(U). 
(b) is a consequence of (a). 


(c) is an immediate consequence of (b). 


Next we define topological vector spaces and derive some basic properties. 

Let E be a vector space over the field K (where K € {IR, C}), and let t be a topology 
on EF. Then Tt is called a linear topology, and (£, T) is called a topological vector 
space, if the mappings 


arExE> E,(x,y)ext+y, 
m:K x E> E, (a,x) Ax 


are continuous. 
In a topological vector space (E, tT) we will denote the neighbourhood filter of zero 


by U%& (or Uo(E), or Uo(t)). 


Examples 1.3 
(a) A vector space E with the trivial topology t = {@, E} is a topological vector space. 

(b) A vector space E 4 {0} with the discrete topology is not a topological vector space. 
Indeed, it is easy to see that the scalar multiplication m is not continuous. 

(c) The scalars R and C are topological vector spaces. 

(d) Normed and semi-normed spaces are topological vector spaces. A 
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For more explanation on Example 1.3(d) we recall that a semi-norm p on a vector 
space FE is amapping p: E — [0, ov) satisfying 


p(x +y) < p(x) + p(y) @, y€ E), the triangle inequality, 
px) = |A|p(x) @ € E, 4 €K), Le., p is absolutely homogeneous. 


The semi-norm p gives rise to a semi-metric d on E, defined by d(x, y) := p(x — y) 
(x, y € E). Then the inequalities p((x + y) — (xo — yo)) < p(x — xo) + p(y — yo) 
and p(Ax — Aoxo) < |A| p(x — x0) + |A — Aol Pp(xo) (&, Xo, Ys Yo € E, 2, Ao € K) show 
the continuity of addition and scalar multiplication. The semi-metric d is a metric if and 
only if p is anorm, i.e., if additionally p(x) = 0 implies x = 0, for x € E. 

In the following theorem we collect some basic properties of topological vector 
spaces. 


Theorem 1.4 

Let (E, t) be a topological vector space. Then: 

(a) Forall x € E the mapping ax: E > E, y + x + y is a homeomorphism. The 
topology t is determined by a neighbourhood base of zero. 

(b) For all xX € K \ {0} the mapping m),: E > E, x + ix is a homeomorphism. 

(c) Each U € Ud(E) is absorbing, i.e., for all x € E there exists a > O such that 
x EAU for alld € K with |A| > a. 

(d) Forall U € Uo(E) there exists V € Up(E) such that V + V CU. 


Proof 
(a) It is sufficient to show that the mapping a, is continuous. It is a consequence of 
Theorem 1.2 (and the definition of the product topology on E x E) that the mapping 


Kx: E> EXE, yR (, y) 


is continuous. Then a, = ao jx is continuous, because the addition a is continuous. The last 
statement is then obvious. (Note that the topology is determined if for each point in the space 
one knows a neighbourhood base.) 

(b) Similarly to (a), we note that the mapping 


Ri EoKx EE, xr (,x) 


is continuous. Then the continuity of m, = m o j, follows from the continuity of the scalar 
multiplication m. 

(c) Similarly to part (a) one shows that the mapping K 5 1 + Ax € E is continuous. 
Therefore there exists a > 0 such that Ax € U for all A € K with |A| < a. 

(d) Let U € Uo(E). Then, by the continuity of the addition at the point (0, 0), there exist 
Vi, V2 € Uo(E) such that V; + V2 C U. Then V := VM V3 is as asserted. 
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Next we introduce the concept of dual pairs of vector spaces, a central notion in our 
treatment. 

A dual pair (£, F) consists of two vector spaces FE, F over the same field IK and a 
bilinear mapping b = (-, -): E x F — K. The mapping b gives rise to mappings 


bi: E —> F*, defined by bi (x) := (x, -) (xe EB), 
by: F — E*, defined by bo(y):=(-,y) (veEF), 


where E*, F* denote the algebraic duals of E, F, respectively. The dual pair is 
separating in E if 


x € E, (x, y) =0(y € F) implies that x = 0, Le., b; is injective, 
separating in F if 
y € F, (x, y) = 0 (x € E)/) implies that y = 0, i.e., bo is injective, 


and separating, if it is separating in E and F. 

The weak topology o(E, F) on E with respect to the dual pair (E, F) is defined 
as the initial topology with respect to the family ((-, y); y € F); the weak topology 
o(F, E) on F is defined analogously. 

If B C F is finite, then 


Up := {x EE; |(x,y)| <1 (ve B)} 


is a o(E, F)-neighbourhood of zero. A o(E, F)-neighbourhood base of zero is given 
by 


{Us; BC F finite}; 


see Remark 1.6. 
The following theorem is basic for the theory and important for the construction 
of topological vector spaces; it shows (amongst other facts) that o(E, F) is a linear 


topology. 


Theorem 1.5 

Let E be a vector space, (Ge, “ms 6S TI ) a family of topological vector spaces, 
fi: E => E, linear maps (1 € 1), t the initial topology on E with respect to (f,; ' € 1). 
Then (E, Tt) is a topological vector space. 


Proof 

First we show the continuity of the scalar multiplication m: K x E > E.By Theorem 1.2 it 
is sufficient to show that f, om: K x E — E, is continuous for allie J. ForAe K, x € E, 
one has 


froma, x) = fax) =Afie) = mA, fir), 
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with m, denoting the scalar multiplication in E,; therefore f, om = m, o (idx x f,). Noting 
that Theorem 1.2 implies that idx x f,: K x E > K x E, is continuous we obtain the 
assertion. 

The continuity of the addition a in E is proved analogously: For z € J, the continuity of 
fica=a,o(f, x fi) follows from the continuity of fi x fi: Ex E > E, x E, and the 
addition a, in E,. 


Remark 1.6 If, in the situation of Theorem 1.5, U/, is a neighbourhood base of zero, for all 
cé J, then a neighbourhood base of zero for the initial topology on E is given by 


{a f, 'U); F C1 finite, U, eu, wer}, 
leF 


This follows from (1.3) A 


Examples 1.7 
(a) The weak topologies o (EF, F) and o(F, E£), for a dual pair (E, F’), are linear topologies. 
(b) Let E be a vector space, P a set of semi-norms on E. Then the initial topology tp on 
E with respect to the mappings id: E — (E, p) (p € P) is called the topology generated 
by P. Theorem 1.5 implies that Tp is a linear topology. 
(c) Let J be an index set. Then K’, with the product topology T, the initial topology with 
respect to the projections pr, : K! > K, (ier 1 Xx, is a topological vector space, by 
Theorem 1.5. With 


ce(I) = { (er € KK’; (01; y, 0} finite} 
we form the dual pair (K/, ce(1)) by defining the duality bracket 


(ey) = Simm  @ = Crier €K!, y = Quer € cc(1)). 


vel 


Then t = o(K!, c,(J)). Indeed, it is evident that t C o(K/, c,(/)), because pr,.x = 
(x, 6), where 6, € Cc(Z) is defined by 6,4 := 1,5, := O ifs 4 «. On the other hand, for each 
y €cc(Z), the mapping x +> (x, y) is a finite linear combination of canonical projections, 
hence continuous with respect to Tt. 

The product topology is also generated by the family of semi-norms (p,),<z, where 
Px (X) 2= [Xe] &® = Oi)ier € K’). 

(d) Let X be a topological space, E := C(X) the space of continuous functions 
f: X — K. For compact K C X we define the semi-norm px, by 


PK(f) = wa If)! (f € C(X)), 
xe 
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and set 
P:= {PK; KCxX compact}. 


Then Tp is the topology of compact convergence; it is a linear topology. 
(e) Let (A, Ti LE 1) be a family of topological vector spaces, and let E := [[,<; E.. 
Then E, with the product topology, is a topological vector space. A 


For a topological vector space (£, T), the dual, or dual space, (EZ, tT)’ is defined as 
the vector space of all continuous linear functionals on E. We will not always explicitly 
specify the topology of a topological vector space FE, and accordingly, we will denote 
the dual of E by E’ if it is clear from the context to which topology on E we refer. 

By definition, every linear functional (-, y), for y € F, is continuous for o(E, F); 
the following result shows that the converse is also true. 


Theorem 1.8 
Let (E, F) be a dual pair. Let n € (E,o(E, F))’. Then there exists y € F such that 
n(x) = (x, y) (x € E). Expressed differently, one has (E,o0(E, F))! = bo(F). 


For the proof we need a preparatory lemma from linear algebra. 


Lemma 1.9 Let E be a vector space, n,n1,..-,n € E*, 


n 
ker; © kern. 
j=l 


Then there exist c1,..., Cn € K such that n = ae cjNnj- 


Proof 
(1) We start with a preliminary tool. Let F, G be vector spaces, f: E — F andg: E >G 
linear, g surjective, and ker g C ker f. Then there exists f : G > F linear, such that f = 
fog. 

In fact, f(g(x)) := f(x) (x € E)/) is well-defined: If g(x) = g(x1), then x —x, € kerg © 
ker f, and therefore f(x) = f(x,). The linearity of f is then easy. 

(ii) Apply G) with f = n, g = (N,.--,Mm): E = g(E) C K", to obtain 
f : g(E) — K. There exists a linear extension Fa : K” — K, and this extension is of the 
form 


fo= > yy; (y €K"), 


j=l 


with suitable (c),..., cn) € KK”. Then n = f o(m,.-., 1) = Lia cjnj. 
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Proof of Theorem 1.8 
As n is continuous with respect to o (E, F), there exists a finite set B C F such that 


n(Up) = n({x € E; \(x, y)| <1 (ye B)}) c Bk, D 


(the open unit ball in K), or expressed differently, 
In(x)| < max |(x, y)| (« € E). 
yeB 


For x € E with (x, y) = 0 (y € B) one concludes that n(x) = 0. From Lemma 1.9 we 
conclude that there exist cy € K (y € B) such that 


H= > oa W = Cyd ey) 


yeB yeB 
Example 1.10 
Coming back to E = K! — see Example 1.7(c) — we note that Theorem 1.8 implies that 
E' = (K!,o(K!, cc(1)))' = cc(D). A 


From the definition it is clear that o(E, E’) is the coarsest linear topology on E such 
that FE’ > b2(F), and Theorem 1.8 expresses that for this topology one even has E’ = 
bo(F). Later we will also obtain a finest locally convex topology with this property; see 
Chapter 5. 


Notes The material of the present chapter is standard, and it is rather impossible to 
give precise information where the contents originated. For the fundamental notions of 
topology we refer to [Bou07c]; in particular, our Theorem 1.2 is as in [Bou07c, Chap. 1, 
§ 3, Proposition 4]. 

Concerning topological vector spaces and in particular locally convex spaces we 
include at this place a list of treatises on the subject, in principle in historical order: 
[Ban32], [Edw65], [K6t66], [Hor66], [Sch71] (first edition 1966), [Tré67], [Gro73], 
[RoRo73], [Rud91], [Wil78], [Bou07a] (new edition from 1981 of [Bou64a], [Bou64b]), 
[Jar81] [MeVo97], [Osb14], [BoSm17]. The beginning is marked by Banach’s pio- 
neering book. As mentioned in the preface, it was in the 1960s that the topic became 
“fashionable” also for teaching, and the treatises are of varying character, volume and 
focus. Wilansky’s contribution is notable for its richness of exercises and examples, 
and we add Khaleelulla’s Lecture Notes [Kha82] to the list as an abundant and well 
structured source of counterexamples. 

The list indicated above contains only texts in which the main emphasis is on locally 
convex topological vector spaces. Many books on Banach space theory, functional 
analysis or operator theory contain also substantial parts on topological vector spaces. 
As examples, we mention the encyclopedic volume [DuSc58] and the treatises [Yos80], 
{[Con90] and [Wer18]. 
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Check for 
updates 


Convexity, Separation Theorems, 
Locally Convex Spaces 


Locally convex spaces are introduced as topological vector spaces possessing a neigh- 
bourhood base of zero consisting of convex sets. It is shown that then the topology can 
also be defined by a set of semi-norms. In order to show this and other features, we first 
treat separation properties. The final topic is the characterisation of (semi-)metrisability 
of locally convex spaces. 


We recall that a sublinear functional on a vector space E is a mapping p: E > R 
satisfying 


Px) = Ap(x) (A = 0, x € E), 1.e., p is positively homogeneous, 
p(x + y) < p(x) + py) (x, y € E), ie., p is subadditive. 


We also recall that a set A C FE is called convex if (1 — t)x + ty € A forallx, ye A, 
t €[0, 1]. 


Proposition 2.1 Let E be a vector space. Then: 
(a) If p: E — [0, oo) is sublinear, then the sets 


Ap:={x€E; p@) <j, Bp:= (x B; pa) < 


are convex and absorbing. 
(b) IfA C E is convex and absorbing, then pa: E — [0, 0), 


PA(x) := inf{A € (0,00); xE AA} (XE E), 
is sublinear, and 
{xe E; PA(x) < 1} CAC {x EE; PA(xX) < 1}. 
The mapping pa is called the Minkowski functional (or gauge) of A. 


© Springer Nature Switzerland AG 2020 
J. Voigt, A Course on Topological Vector Spaces, Compact Textbooks in Mathematics, 
https://doi.org/10.1007/978-3-030-32945-7_2 
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Proof 

(a) The convexity of A, and Bp is an immediate consequence of the sublinearity of p. In 
order to show that A, is absorbing, let x € E. We will show below that there exists a constant 
a > Osuch that p(yx) < a@ for all y € K with |y| = 1. Then, if 4 € K, |A| > a, one obtains 


Le., x €AAD. 
For K = R, the asserted inequality holds with a := max{p(x), p(—x)}. For K = C, 
it is straightforward to show that the inequality holds with a := (max{ p(x), p(—x)}7 + 
. -49)1/2 
max{p(ix), p(—ix)} ) ; 
(b) It is easy to show that p, is positively homogeneous. To verify the subadditivity, let 
x, y € E, and assume that pa(x) + pa(y) < 1. Then there exist A, u > O witha + yu < 1, 
x EAA, y eA. Then x + yE€aAA+ WA = (A+ JA, by the convexity of A, and therefore 
Paty) <1. 
Ifx € E, pa(x) < 1, then there exists A < 1 withx €XA C A. If x € A, then pa(x) < 1 
by definition. 


Theorem 2.2 (General separation theorem) 
Let E be a topological vector space. Let A, B © E be convex, non-empty, A open, 
ANB =@. Then there exists x’ € E' such that 


Rex’ (x) < y := inf Rex'(y) (2.1) 
yeB 


forallx €A. 


This means that the ‘affine real hyperplane’ {x € E; Rex'(x) = y} ‘separates’ the 
sets A and B. 


Lemma 2.3 Let E be a topological vector space, A C E open, 0 4 x* € E*. Then x*(A) is 
open. 


Proof 
There exists x9 € E such that x* (xo) > 0. For x € A the set A—x is absorbing (Theorem 1.4); 
hence, there exists ¢ > 0 such that x + Bx (0, €)xq C A. This implies 


Bx (x* (x), €x™ (x0) = x* (x) + BK (0, €)x* (x0) E x" (A). 


Proof of Theorem 2.2 
It is sufficient to find x’ € E’ \ {0} such that (2.1) holds with ‘<’. From Lemma 2.3 one then 
obtains ‘<’. Without restriction we can assume that K = R; see Lemma A.1. 
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(i) Special case B = {xo}: Without restriction 0 € A; otherwise choose x; € A and 
consider A — x1, x9 — x1. Then A is absorbing. Let pa be the Minkowski functional. Let 
x’: lin{xo} > R be defined by x’(xg) := 1. Then x’(xo) = 1 < pa(xo); therefore 


x'(Ax9) = A < Apa(xo) = pa(Axo) for 4 > 0, 
x'(Axp) =A <0 K< pa(Axo) for A < 0. 


By the Hahn—Banach theorem, Theorem A.2, x’ can be extended as x’ € E* such that x/(x) < 
Pa(x) (x € E); in particular x’/(x) < 1 = x’(xq) for x € A. 

It remains to show that x’ is continuous, and for this it is sufficient to show continuity 
at 0 (because x’ is linear and the topology is translation invariant; see Theorem 1.4(a)). For 
é > 0, x € €(AN (—A)) one has tix € A, therefore 


+x'(x) = ex! (£4x) < epa(£4x) <e. 


(ii) General case: Aj := A — B = (J, < (A — y) is open, convex, 0 ¢ A. By part (i), 
there exists x’ € E’ \ {0} such that 


x'(x—y) <x’) =O, ie, x(x) < x'() 


forallxe A, yeB. 


Example 2.4 
In this example we illustrate that in a Hausdorff topological vector space E it can happen that 
the only convex open sets are the sets 2, E (and this implies that E’ = {0}). 

Let 0 < p < 1, and let (Q, 2) be a measure space. Define 


Lp(W) = Bie Q — K measurable ; firtrdn < oo} 
(with functions a.e. equal identified; a vector space), with metric (!) d given by 


d(f, g):= / If —glP du. 


It can be shown that Lp (2) is a topological vector space, which is complete as a metric space. 

We continue with the special 82 = (0, 1), with the Lebesgue measure A. If U € L,(0, 1) 
is convex, open and non-empty, then we derive that U = L,(0, 1). 

Let ¢ > 0. We show that co B(0O,¢) = L»p(0, 1) (with ‘co’ denoting the convex hull 
and B(0, €) the e-ball with centre 0 in L,(0, 1)). Let f € L,(0, 1). For n € N there exist 
fis--.s fn €Lp(, 1) such that f = fit---+fas fl fil? da = 1 \flP da = 123); 
(Subdivide the interval (0, 1) suitably.) Then f = t(nfi +.---+nf,), and f Infj|? dA = 
nP [| fj\? da =n?! [| f |? dd > 0(n > 00). Choosing n with n?—! [| f|? da < € one 
concludes that f € co B(0, €). A 


For the separation of non-open convex sets by continuous linear functionals one 
needs an additional property of topological vector spaces. 
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A topological vector space is called locally convex if each neighbourhood of zero 
contains a convex neighbourhood of zero. In short, such a space will be called a locally 
convex space, and also the topology will be called locally convex. 


Examples 2.5 
(a) Semi-normed spaces are locally convex. 

(b) If (E,; 1 € J) is a family of locally convex spaces, F a vector space, fi: E > E, 
linear (u € J), then the initial topology on E is locally convex: If U/, is a neighbourhood base 
of zero of E, (t € I), then 


ti ia f \(U): FC I finite, U,e U, wer} 
leF 


is a neighbourhood base of zero; see Remark 1.6. 

By assumption, 24, can be chosen to consist of convex sets for all 1 € 7. Then U/ indicated 
above consists of convex sets. 

(c) Let (E, F) be a dual pair. Then o (E, F) is locally convex. 

(d) Let E be a vector space, P a set of semi-norms on E£. Then the topology 
Tp is locally convex. (In fact, the converse is also true, as will be shown below in 
Corollary 2.15.) A 


Theorem 2.6 (Separation theorem in locally convex spaces) 
Let E be a locally convex space. Let B © E be convex and closed, x9 € E \ B. Then 
there exists x' € E' such that 


Rex’ (xo) < inf Rex’(x). 
xeB 


Lemma 2.7 Let E be a topological vector space, A € E convex. Then A and A are convex. 


In the proof of this lemma we will need two technical details which we recall in the 
following remarks. 


Remarks 2.8 (a) If X and Y are topological spaces, and A C X, B C Y, then AxB= 
A x B. Indeed, the inclusion ‘C’ holds because the set A x B = (A x Y) N(X x B) is 
closed. On the other hand, if (x, y) € A x B, then for any neighbourhoods U of x, V of y the 
sets UM A, VM B are non-empty, therefore (U x V)M (A x B) # ©, and this implies that 
(x,y)€ Ax B. 

(b) Let X, Y be topological spaces, f: X —> Y continuous, and B X. Then 
f(B) © F(B). Indeed, f~!(f(B)) is closed and contains B, hence also Therefore 
f(B) S f (fF B)) © FB). A 


iS 
B. 
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Proof of Lemma 2.7 
i) Letx Ee A, ye A, 0<t<1.Then(1l—t)hx +tye Ud —ft)xt+ tA, and the last set is an 
open subset of A. Therefore (1 — t)x + ty € A. 

(11) The mapping f: Rx Ex E > E, (t,x, y) B (1 —t)x +48), is continuous, and 
f((0, 1] x B x B) C B if and only if B C E is convex. The properties mentioned in 
Remarks 2.8 imply 


f((0, 1] x Ax A) = f((0, 1] x Ax A)C f(0, 1] x Ax A) CA; 


hence A is convex. 


Proof of Theorem 2.6 

As xo ¢ B, there exists U € Up such that (x9 + U) N B = ©; without loss of generality 
one can take U convex and open (Lemma 2.7). From Theorem 2.2 we obtain the existence of 
x’ € E’ such that 


Rex’(x) < inf Rex’(y) 
yeB 


for allx Exo + U. 


Corollary 2.9 Let E be a locally convex space. 

(a) Let Eo C E be a closed subspace, xo € E \ Eo. Then there exists x’ € E' such that 
X|z) = 0, x'(xo) £0. 

(b) E is Hausdorff if and only if (E, E') is separating in E. 


Proof 
(a) We apply Theorem 2.6 with the closed convex set B := Eo. As x’(xo) ¢ x’(Eo), we 
conclude that x’(Ep) = {0}. 

(b) If E is Hausdorff, then {0} is closed, and part (a) shows that (E, E’) is separating 
in E. On the other hand, if (E, E’) is separating in E and x9 4 0, then there exists 
x’ € E’ with x'(xo) = 1. Then the sets Up := {x € E; Rex'(x) < 1/2} and U; := 
{x € E; Rex'(x) > 1 /2} are disjoint neighbourhoods of 0 and xo, respectively, and this 


implies that E' is Hausdorff. 


Corollary 2.10 Let (E, F) be a dual pair which is separating in E, and letG C F bea 
linear subspace. Then G is o (F, E)-dense in F if and only if (E, G) is separating in E. 


Proof 
By Corollary 2.9(a), G is dense in (F,o(F, E)) if and only if the only functional in 
(F, o(F, E))’ vanishing on G is the zero functional. Now, as (F,o(F, E))’ = b,(E), by 
Theorem 1.8, the latter holds if and only if x € E, (x, y) = 0 for all y € G implies x = 0, 
and this just means that (£, G) is separating in E. 
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If E is a locally convex space, then the topology o(E, E’) will be called the weak 
topology of E. The following result on the closure of convex sets is very important; it 
will often be used in the sequel. 


Corollary 2.11 (Mazur) Let E be a locally convex space, and let B © E be a convex set. 
Then: 
(a) B is closed if and only if B is weakly closed. 


) Bape” 


Proof 
Let t denote the topology of E. 

(a) If B is weakly closed, then t D> o (E, E’) implies that B is closed. Now suppose that 
B is closed, and let x9 € E \ B. Theorem 2.6 yields a functional x’ € E’ such that 


Rex’(xo) < inf Rex’(x). 
xeB 


Therefore there exists ¢ > O such that B(x’(xo), €) M {x’(x); x € B} = @, and thus 
x’! (B(x! (x0), €)) A B = &. As x'—!(B(x'(x), €)) is a o(E, E’)-neighbourhood of xo, 
one concludes that E \ B is weakly open, i.e., B is weakly closed. 

(b) ‘C’ follows from t D o (E, E’). On the other hand, B is convex by Lemma 2.7, and 
hence therefore weakly closed by part (a). 


As the next topic in this chapter we treat some fundamental issues concerning 
neighbourhoods of zero in topological vector spaces. 

Let E be a vector space, A C E. The set A is called balanced, if XA C A for all 
2 €K with |A| < 1, and A is called absolutely convex if it is balanced and convex. 


Remarks 2.12 (a) A set A is absolutely convex if and only if for all finite sets B C A, 
Ax €K (x € B) satisfying )° cp |Ax| < lone has oy ep Axx € A. 

If S C P(E), all A € S balanced, then (|S is balanced, and the same property holds 
with ‘convex’ and, ‘absolutely convex’ instead of ‘balanced’. 

For A C E, the convex hull 


coA:=( {BC E; ACB, B convex} 


= [Saxe BCA finite, Ax €[0, 1] (@eB), Jax = i| 


xeB xeB 


is the smallest convex set containing A, the balanced hull 


bal A := (\{2 CE; ACB, B balanced} = Bx[0, 1]- A 
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is the smallest balanced set containing A, and the absolutely convex hull 


acoA := (\{s CE; ACB, B absolutely convex } 


i [do aves BCA finite, Ay € Bx[0, 1] (xe B), Yas < i} 


xeB xeB 


is the smallest absolutely convex set containing A. 
(b) If A is a convex and absorbing set, then the Minkowski functional p, is a semi-norm 
if and only if A is absolutely convex. A 


Lemma 2.13 Let E be a topological vector space, A C E. 
(a) Then A= Nem (A+ U). 
(b) Let A be balanced. Then A is balanced. If additionally 0 € A, then A is balanced. 


Proof 
(a) The element x belongs to A if and only if for all U € U% one has (x —U) NA #¥ @, ie., 
xEA+U. 

(b) If x € A, |A| < 1, then Ax €AA =AA CA TEx EA,0 <a] < 1, thenaxeAA = 
int(AA) C A. 


Theorem 2.14 

Let E be a topological vector space. 

(a) Then the closed (resp., open) balanced neighbourhoods of zero constitute a 
neighbourhood base of zero. 

(b) Jf E is locally convex, then the closed (resp., open) absolutely convex neighbour- 
hoods constitute a neighbourhood base of zero. 


Proof 

(a) Let U € Up. There exists Uy € Up such that U; + U; C U, therefore U; C U 
(Lemma 2.13(a)). There exists Uz € Up such that AUz C U; whenever |A| < 1. Asa 
consequence, 


Vi= LU AU2 CU 
lAl<l 


is a balanced neighbourhood of zero, V cVcCc QU, C U, and V, V are balanced 
(Lemma 2.13(b)). 

(b) is proved like part (a), but additionally one assumes that U; is convex, and one defines 
V := co U al<l A.U2, observes that the convex hull of a balanced set is balanced, and at the 


end also uses Lemma 2.7. 


18 Chapter 2 + Convexity, Separation Theorems, Locally Convex Spaces 


Corollary 2.15 Let E be a locally convex space. Then there exists a set P of semi-norms, 
such that Tp is the topology of E. 


Proof 
If U/ is a neighbourhood base of zero consisting of absolutely convex sets, then the assertion 
follows with P = {pu; Ue UY}. 


Corollary 2.16 Let E be a locally convex space, F © E a subspace, y' € F’. Then there 
exists x! € E’ such that x'|p = y’. 


Proof 

Let P be a set of semi-norms on E generating the topology of EF, and assume without less 
of generality that P is ‘directed’ (defined below). Then there exist p € P, c > 0 such that 
ly’(Qy)| < cp(y) (y € F). The Hahn—Banach theorem, Corollary A.3, implies that there 
exists a linear mapping x’: E > K with x’|p = y’ and |x'(x)| < cp(x) (x € E). The last 


inequality implies that x’ € E’. 


An ordered set (J, <) is called directed if for all 1), 12 € J there exists 1 € J such 
that 4; <candty <u. 

We close this chapter with a characterisation of semi-metrisability of locally convex 
spaces. 


Proposition 2.17 Let E be a locally convex space. Then the following properties are 
equivalent: 
(i) £E is semi-metrisable; 
(ii) there exists a countable neighbourhood base of zero; 
(iii) there exists a countable set P of semi-norms generating the topology of E; 
(iv) there exists a translation invariant semi-metric on E inducing the topology of E. 


Here, a semi-metric d is called translation invariant if d(x, y) = d(x + z, y+ z) 
for all x, y,z € E. In the following lemma we single out part of the proof in a more 
general setup. 


Lemma 2.18 Let X be a set, let ((Xn. dn) nen? with N CN, be a countable family of 
semi-metric spaces, and let (fn)nen be a family of mappings f,: X — Xn. Then the initial 
topology on X with respect to the family (fn)nen is semi-metrisable. 


Proof 
By transporting the semi-metrics d, to X, 


dn(x, y) = dn(fa(x), fa) (ye X, ne N) 


(and then denoting dn again by d,,) we see that we can transform the setup to the case where 
(dn)nen is a family of semi-metrics on X. 
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It is easy to see that 


d(x, y) := )) min{dy(x, y),2-"} (@, ye X) (2.2) 
neN 


defines a semi-metric on X. In order to show that this semi-metric induces the initial topology 
with respect to the family (d,)yew it is therefore sufficient to show that they define the same 
neighbourhoods. 
Let x € X. Forne N,0 <5 < 2", it is easy to check that By(x,5) C Ba, (x, 5). This 
shows that each neighbourhood of x for the initial topology contains a d-ball with centre x. 
On the other hand, for all n € N one checks that 


() Ba@.2/n) S Ba, 2°”), 
jEN, l<j<n 


which implies that each d-ball with centre x contains a neighbourhood of x for the initial 
topology. 


Proof of Proposition 2.17 
(i) => (ii). If d is a semi-metric inducing the topology of E, then {Ba(0, I/n); née N} isa 
countable neighbourhood base of zero. 

‘(ii) => (iii)’ is proved in the same way as Corollary 2.15. 

(iii) = (iv). Let (pp) be a sequence of semi-norms inducing the topology of E. Then 
the semi-metrics d, given by dy(x, y) := pn(x — y) are translation invariant, hence the 
semi-metric d defined by (2.2) is also translation invariant, and d induces the topology of E. 

‘(iv) => (i)’ is trivial. 


Two semi-metrics d and e ona set X are said to be (topologically) equivalent if they 
induce the same topology. They are said to be uniformly equivalent if for each e > 0 
there exists 6 > 0 such that By(x, 5) C B,(x, &) as well as B(x, 5) C B(x, €) for all 
x € X. If E is a vector space, and d, e are equivalent translation invariant semi-metrics 
on E, then obviously they are uniformly equivalent. 

A Fréchet space is a metrisable locally convex space which is complete with respect 
to a translation invariant metric. The previous comments imply that then the space is 
complete under each translation invariant metric. In the context of completeness for 
topological vector spaces, in Chapter 9, we will see that one can also describe a Fréchet 
space as a ‘complete metrisable locally convex space’, see Remark 9.1(f). Rather more 
surprisingly, a Fréchet space is also a ‘completely metrisable locally convex space’, i.e., 
the space is metrisable with a (not necessarily translation invariant!) metric, making it a 
complete metric space. For this result we refer to Theorem 7.11. 
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Examples 2.19 

(a) Coming again back to K! — see Examples 1.7(c) and 1.10 — and assuming that J is 
countably infinite, J = N, we see that KN is a metrisable locally convex space. A translation 
invariant metric is given by 


d(x, y) = )5 2 min{|xn — yal, 1} @ ye KY), 
neN 


for instance. It is easy to see that (KN, d) is complete, hence KN is a Fréchet space. 

(b) Let X be a Hausdorff locally compact topological space, and assume that there exists 
a sequence (K,)nen of compact sets with the property that every compact subset of X is 
contained in some Ky, i.e., X is countable at infinity. 

Clearly, the topology of C(X), defined in Example 1.7(d), is generated by the sequence 
(PK, )neN Of semi-norms. A Cauchy sequence (f,)xen in C(X), with respect to a translation 
invariant metric, is a Cauchy sequence with respect to all semi-norms px,, hence a Cauchy 
sequence with respect to uniform convergence on the compact subsets of X. This implies that 
there exists f € C(X) such that f, — f (k — oo) uniformly on the compact subsets of X. 
Hence C(X) is a Fréchet space. 

(c) The space s of rapidly decreasing sequences is defined by 


= (= E KN; |[xlle = sup|x,|n* < 00 for all k €No}, 


with the increasing sequence of norms (|| - |k)ceNy generating the topology. It is easy to show 
that s is a Fréchet space. 

To compute the dual space of s, we note that the topology of s is also generated by the 
sequence (px)keNy Of norms, where 


CO 
Pex) = Dont lel == (wes, KEN). 
n=1 


Indeed, for all x € s, k € No one has 


[o,e) lo,e) 


1 1 
ltl < pe@) = Yor nl < (X <5) vt: 


n=1 n=1 


Let 7 € s’. Then there exist C > 0 and k € No such that |n(x)| < Cpx(x) (x € 5). 
Using the fact that ¢, = foo (and applying suitable isomorphisms between ¢; and weighted 
£\-spaces and between £50 and weighted o9-spaces) we conclude that there exists y = 
On)nen € KN such that sup, lyn|n—* < C, 1.e., [yn] < Cnk (n EN), and 


n(x) = > %n9n =: (x, y) (x Es). 


neN 
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This shows that 


ti=s'= U {ye KN; sup |yn|n~* < oo}. 
kENo i 


The sequences in ¢ can be called ‘polynomially bounded sequences’, but in analogy to 
the dual of the Schwartz space — see Example 8.4(f) —, called the space of ‘tempered 
distributions’, we will call these sequences tempered sequences. 

Later we will determine the strong topology f(t, s) — see Example 7.7(a) —, verify that 
s is reflexive — see Example 8.4(a) —, and show that the strong topology on f¢ is an inductive 
limit topology — see Example 10.7. A 


Concerning Example 2.19(b), it is for simplicity that we assume the locally compact 
space to be Hausdorff. A topological space X is called o-compact if there exists a 
sequence (K,)ncn Of compact subsets such that X = nen K,,. It is not difficult to 
show that a Hausdorff locally compact space is countable at infinity if and only if it is 
o-compact. 


Notes As in Chapter 1, the material of the present chapter is standard. The separation 
theorems Theorem 2.2 and Theorem 2.6 can be found in many treatments, e.g. in 
[Edw65]. Corollary 2.11(a), for the case of normed spaces, is essentially due to Mazur 
[Maz33, Satz 3]. 

Some authors define locally convex spaces as spaces whose topology is defined by a 
set of semi-norms. The author prefers the definition that immediately reflects the name 
(and then to derive the above property for these spaces). 
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In a dual pair (E, F’) one wants to define topologies on E associated with collections of 
suitable subsets of F’. (This generalises the definition of the norm topology on the dual 
E’ of a Banach space E, in this case for the dual pair (E’, E).) Such a collection M 
defines a ‘polar topology’ on E, where the corresponding neighbourhoods of zero in E 
are polars of the members of MM. Examples of such topologies are the weak topology 
and the strong topology. In the first part of the chapter we define polars and investigate 
some of their properties. 


Let (E, F) be a dual pair. For A C E we define the polar (or ‘absolute polar’) 
AMC, 


A° := {ye F; |(x, y)| <1 @eA)} = [ye F; sup|(x, y)| < 1}. 


xeA 


Analogously, for B C F we define Bo := {x EE; |\(x,y)|<lve B)} CE. 

If E is a locally convex space and no space F is mentioned, then polars will be 
computed in the dual pair (E, E’). 

If E is a vector space, we will use the symbol ‘e’ (instead of ‘o’) to denote polars 
computed in the dual pair (E, E*). (In fact, the symbol ‘e’ will also be used in some 
other situations, which will then be mentioned explicitly.) 


Remark 3.1 There is no general consensus in the literature on how to define the polar. 
For instance, [Hor66] uses the definition as above, whereas in [Sch71] and [Wer18] the 
condition in the definition is ‘Re (x, y) < 1’ instead of ‘|(x, y)| < 1’, and in [Bou07a] 
the corresponding condition is ‘Re (x, y) > —-1’. A 


The following result expresses how to single out the continuous linear functionals 
within the larger set E* of all linear functionals; it may serve as a first motivation for the 
notion of polars. 
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Theorem 3.2 
Let E be a topological vector space, U a neighbourhood base of zero of E. In the dual 
pair (E, E*) one then has 


E= (| wr. 


Ueu 


Proof 
The assertion is shown by the chain of equalities 


E’= {x’ ¢ E*; there exists U € U such that sup |(x, x’)| < 1} 
xeU 


= |) {x ee"; sup |(x,x’)| < 1} U U°. 
Ueu meu Uceu 


Remarks 3.3 Let (E, F) be a dual pair, A,B C E. We note the following elementary 
properties of polars. 

(a) If A C B, then A®° D B®. 

(b) If Ae K \ {0}, then (AA)° = 7 A°. 

(c) If A is a collection of subsets of E, then (L).A)° =(\ye4 A®- A 


Let E be a topological vector space. A set A C E is called bounded if for all U € Up 
there exists A € K such that A C AU, or equivalently, for all U € Uo there exists a > 0 
such that A C AU for all |A| > a. (In a terminology introduced later, we could also say 
that A is bounded if it is absorbed by all neighbourhoods of zero.) 


Lemma 3.4 

(a) Let E, F be topological vector spaces, f : E — F linear, continuous, A © E bounded. 
Then f (A) is bounded. 

(b) Let E, E, («€1) be topological vector space s, fi: E — E, linear, the topology on E 
the initial topology with respect to (f,; 1€ 1), and let A C E. Then A is bounded if and 
only if f,(A) is bounded for allt € 1. 


Proof 
(a) Let V € Uo(F). Then f~!(V) € Uo(E), and there exists A € K such that A C Af! (V). 
This implies that f(A) C Af(f7!(V)) CAV. 

(b) The necessity follows from (a). For the sufficiency, let F C J be finite, and let 
U, € Uo(E,) (1 € F). Then there exists A > 0 such that f,(A) C AU, (c € F’); hence 


AC£'G(A) CALITO) GWeF), 


ACA) f-'U). 


leF 
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As the sets (),<7 fr" (U,) constitute a neighbourhood base of zero for the initial topology 


(see Remark 1.6), we obtain the assertion. 


Proposition 3.5 Let (E, F) be a dual pair, A © E. Then: 
(a) A° is absolutely convex and o (F, E)-closed. 
(b) A° is absorbing if and only if A is o (E, F)-bounded. 


Proof 
(a) The representation 


A® = () (x, -)7"(B[0, 1) 


xeA 


shows that A° is an intersection of absolutely convex o (F, E)-closed sets. 
(b) For y € F, X € K one easily computes that 


yEArA® <> (-, y)(A) S Bx(0, [Al]. 


This shows that A° is absorbing if and only if (-, y)(A) is bounded for all y € F, and by 
Lemma 3.4(b) the latter property is equivalent to the o (E, F’)-boundedness of A. 


The following result plays a central role and will be used frequently. 


Theorem 3.6 (Bipolar theorem) 
Let (E, F) be a dual pair, A C E. Then 


foo (Ajo =a 


(Recall that the polar of the set A° © F is a subset of E.) 


Proof 
It is evident that A C A°°; hence, aco F haa C A®°, by Proposition 3.5(a). 

Let x9 € E \ aco ze, By Theorem 2.6, and Theorem 1.8, there exists y € F such 
that 


sup (x, y)| < sup{Re(x, y); x eacoA'} < Re(xo, y) <I(x0, YDI; 
xEA 


by scaling y suitably we may assume that the left-hand side is equal to 1. Then y € A®°, and 


from 1 < |(xo, y)| we conclude that x9 ¢ A°°. 
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Remarks 3.7 (a) Let (£, || - ||) be a normed space. We will use the “standard notation” 
Be:= {x EE; ||x|| < 1} for the closed unit ball of E. 
The bipolar theorem is a generalisation of Goldstine’s theorem, asserting that Bey = 


Be as Indeed, in the dual pair (E”, E’) one has 


—o(E" E' 
Ras Be _ Ber _ Bee _ Ba ‘ a 


where the first two equalities are a consequence of the definition of the norms in E’ and E”, 
and where Theorem 3.6 is used in the last equality. 

(b) Here is another version of the bipolar theorem (as stated in [MeVo97, Bipolar theorem 
22.13]): Let E be a Hausdorff locally convex space, A C E an absolutely convex set. Then 
A = A°°, (The polars act in the dual pair (E, E’).) 

This is a consequence of Theorem 3.6, because A = A eee by 
Corollary 2.11(b). A 


As a preliminary consideration for ‘polar topologies’ we note that for a dual pair 
(E, F) we want to define neighbourhoods of zero in E by polars B°. As these sets 
have to be absorbing, Proposition 3.5(b) implies that only o (fF, E)-bounded sets B are 
eligible for this procedure. 

Let (E, F) be a dual pair, 


B,(F, E) := {B C F; Bo(F, E)-bounded}. 
For B € ,(F, E) we define gg: E — [0, 00), 

q(x) = sup{|(x,y)|; ye B} @eE). 
Then it is easy to see that gg is a semi-norm, and 

{x eE; qB(x) < 1} = B°. 


Let M C 6, (F, E). Then the set {a8 ; Be M} of semi-norms generates a locally 
convex topology t,4 on E, the topology of uniform convergence on the sets of M. The 
topologies defined in this way are called polar topologies. The topology generated by 
M = B,(F, E) is called the strong topology, denoted by B(E, F). 

Correspondingly, one defines polar topologies on F. 


Remarks 3.8 (a) Tty}; yeF} = o(E, F). 

(b) If lin\J M = F, then ty D o(E, F). Indeed, let y € B € M. Then dy) < 4a, 
therefore id: (E, ty) — (E, q{y}) is continuous, and thus (-, y) € (E, tM)’. Since every 
y € F isa linear combination of elements from |) M, we conclude that (-, y) € (E, tT)’. 

(c) It may be tempting to conjecture that the converse in (b) holds. However, this 
is not true, as the following example shows. Consider the dual pair (€),f 0), B := 
{x €c0; [lxlloo <1}, M := (B}. 
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Then B° = Be, (the closed unit ball) and t,y is the norm topology on £1, which is finer 
than o (£1, £90). However, lin B = co # loo. 

(d) If B € Bo (F, E), then the semi-norm gz is just the Minkowski functional of B°. 
Indeed, if x € E, then pgo(x) < 1 if and only if there exists 4 € (0, 1) such that x € AB°, or 
equivalently, |(x, y)| < 4 (y € B), and this holds if and only if gg(x) < 1. 

As a further observation we note that for A,B € Bj(F,E) one has qaup = 
max{qa, qB}. A 


In the following proposition, the notion ‘directed’ is used for a collection of sets, 
where the order refers to inclusion. Hence, ‘M directed’ means that for any A, Be M 
there exists C € M such that AUB CC. 


Proposition 3.9 Let (E, F) be a dual pair, and let M C Bo (F, E) be directed. 
(a) Then the collection 


{{x € E; qa(x) <é}; BeM, e> 0} = {eB°; BeM, e > 0} 


constitutes a neighbourhood base of zero for TM. 
(b) Assume additionally that for all A € M, a > 0 there exists Be M such that aA C B. 
Then the collection 


{B°; Be M} 
is neighbourhood base of zero for TM. 


Proof 
(a) The hypothesis implies that the set P = {qg; B € M} of semi-norms is directed, and 
therefore any finite intersection of closed ¢-balls for semi-norms in P contains the closed 
é-ball for some semi-norm in P. 

(b) The additional hypothesis implies that any ¢-ball for a semi-norm in P contains the 


closed 1-ball for some semi-norm in P, i.e., the polar of some B Ee M. 


Example 3.10 
We show that for a Banach space E, the topologies B(E, FE’) and B(E’, E) are the norm 
topologies. 

(i) Let B C E’ be o (E’, E)-bounded, ie., sup,yeg |x’(x)| < 0 for all x € E. The 
uniform boundedness theorem implies that B is norm bounded, i.e., B C cB for some 
c > 0. Therefore gp < qeBy = C9B, = Cl: lz. Since Bey is bounded, we obtain the 
assertion for B(E, E’). 

(ii) If A C E is o(E, E’)-bounded, then it is also o(E”, E’)-bounded in E”, and 
therefore || - || ~”-bounded by (i). Since || - ||z = || - ||z” on E the assertion for B(E’, E) 
follows as in (i). 

Whereas in this case always (E, B(E, E'))’ = E’, the equality (E’, B(E’, E))’ = E 
holds if and only if EF is reflexive. A 
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Let (E, F) be a separating dual pair. A locally convex topology t on E is called 
compatible with (E, F) if (E, 1)’ = F. 

For a locally convex space E, the bidual is defined as E” := (E’, B(E’, E))’. The 
canonical map «: E —> E” is given by 


K(x)(x’) = x’ (x) (x'e E', xe E). 


(It follows from 6(E’, E) > o(E’, E) and Theorem 1.8 that the image of E under x 
is contained in E”.) If E is Hausdorff, then « is injective, and abbreviating one often 
writes E C E”, omitting the canonical embedding x. 

The space E is called semi-reflexive if E is Hausdorff and E” = E (as sets), and 
E is called reflexive if additionally the canonical embedding x: E — (E”, B(E”, E’)) 
is continuous. (In fact, in the latter case it follows that « is an isomorphism; see the 
discussion at the beginning of Chapter 8.) 


Notes The contents of this chapter are standard and basic for the investigation of locally 
convex topologies on dual pairs. 
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® 
The Tikhonov and Alaoglu-Bourbaki |S. 
Theorems 


The central result of this chapter is the Alaoglu-Bourbaki theorem: Polars of neigh- 
bourhoods of zero in a locally convex space E are o(E’, F)-compact subsets of E’. As 
a consequence in a dual pair (E, F’) one concludes that, for a locally convex topology t 
on E with (E,t)’ = F, one always has o(E, F) C t C w(E, F), where u(E, F) 
is the Mackey topology on E, corresponding to the collection of absolutely convex 
o(F, E)-compact subsets of F. As a prerequisite we show Tikhonov’s theorem, and 
as a prerequisite to the proof of Tikhonov’s theorem we introduce filters describing 
convergence and continuity of mappings in topological spaces. 


Theorem 4.1 (Tikhonov) 


Let (X,),e1 be a family of compact topological spaces. Then the product |],-; X, is 
compact. 


We will prove this theorem here, even if it is rather part of general topology. 
However, the proof gives us the opportunity to introduce the notion of filters, which 
we will need anyway in the further treatment. 

We recall that a topological space (X, T) is called compact if every open covering 
of X (i.e., every collection S C t satisfying [JS = X) contains a finite subcovering 
(i.e., a finite collection F C S such that _) F = X). Equivalently, X is compact if every 
collection C of closed subsets of X with the finite intersection property (i.c., (| F 4 2 
for all finite F C C) satisfies ()C # @. Note that we use the notion of compactness in 
the sense that a compact space need not be Hausdorff. 

A subset C of a topological space (X, T) is called compact if (C, tM C) is compact. 
(The topology TAC := {UNC; U € 7} denotes the initial topology on C with respect to 
the injection C <> X, also called the induced topology.) If X is a Hausdorff topological 
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space, and C is a compact subset, then it is easy to see that the complement of C is open, 
i.e., that C is closed. 

Let X be a set. A filter F in X is a non-empty collection F C P(X) satisfying the 
following properties: 


@EF; 
ifAeF,ACBCX,thn Bef; 
ifA,BeF,then AN Bef. 


A filter base Fo in X is a non-empty collection Fy C P(X) with: 


@ ¢ Fo; 
if A, B € Fo, then there exists C € Fo such that C CAN B. 


If Fo is a filter base, then 
fil(Fo) := {A C X; there exists B € Fo such that B C A} 


is a filter, called the filter generated by Fo. A filter F is called an ultrafilter if there is 
no filter properly containing F. 

Let now X be a topological space, F a filter in X, x € X. Then F converges to x 
(or x is a limit of F), F — x, if U, C F. If Fo is a filter base, then one also writes 
Fo — x if the generated filter fil(7) converges to x, i.e., if for all U € U,, there exists 
Aé Fo with A C U. The point x is called a cluster point (also ‘accumulation point’) of 
a filter F, if for all U €U,, Ae F one has UNA $ @, or equivalently, if x € her A. 


Examples 4.2 
Let X be a set. 

(a) If x € X, then Fo := {{x}} is a filter base. The generated filter is called the filter 
fixed at x. 

(b) If (xn) is a sequence in X, then Fo := {{x;; jJenhine N} is a filter base. The 
generated filter is called an elementary filter. 

If additionally X is a topological space and x € X, then Fo — x if and only if x, > x 
asn > oo. 

(c) Let X be a topological space, x € X. Then U/, is a filter (the neighbourhood filter 
of x). A 


Remarks 4.3 Let X be a set. 

(a) If F is a filter in X¥, A C X such that AN B ¥ @ for all B € F, then obviously 
{AQ B; Be Ff} isa filter base, and the generated filter is finer than F (1.e., it contains F). 

(b) Let F be a filter. Then F is an ultrafilter if and only if for all A C X one has A € F or 
X\AeF. (Necessity: If AN B # @ for all B € F, then (a) implies that there is a finer filter 
containing A, and this filter is equal to F because F is an ultrafilter; thus A € 7. Otherwise 
there exists B € F such that AM B = @, and then X \ A € F. Sufficiency: The condition 
implies that there is no finer filter.) 
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(c) For every filter ¥ in X there exists a finer ultrafilter. This is an immediate consequence 
of Zorn’s lemma. (In the proof that a maximal element is an ultrafilter one uses (a) and (b).) 
(d) If X is a topological space, F is an ultrafilter in X, and x € X is a cluster point of F, 
then F > x. If U € Uy, then UN A ¥ @ for all A € J, therefore U € F, because F is an 
ultrafilter.) A 


Remark 4.4 In our treatment we will use filters to discuss convergence and continuity in 
topological spaces. Filters generalise sequences — see Example 4.2(b) — which are sufficient 
for this purpose in metric spaces. (Another generalisation of sequences are ‘nets’, a notion 
that we will not need.) The proof of Theorem 4.1 becomes particularly nice with filters, but 
also for the discussion of completeness (Chapter 9) filters will be convenient. A 


Proposition 4.5 Let X be a topological space. Then the following properties are equiva- 
lent: 
(i) X is compact; 
(ii) every filter in X possesses a cluster point; 
(iii) every ultrafilter in X is convergent. 


Proof 
(i) > (ii). Let F be a filter in X. Then the collection {A; A € F} has the finite intersection 
property, and therefore (| 4-7 A # @,i.e., F has a cluster point. 

(ii) > (i). Let C C P(X) be a collection of closed sets with the finite intersection 
property. Then Fo := {NA; Acc finite} is a filter base. The generated filter F has a 
cluster point, i.e, 2 A()yep A=[]C. 

‘(i1) > (iii)’ is obvious, in view of Remark 4.3(d). 

(iii) > (ii). If F is a filter in X, then there exists a finer ultrafilter; see Remark 4.3(c). 
Every limit of this filter is a cluster point of F. 


Let X, Y be sets, f: X > Y, F a filter in X. Then f(F) := {f(A); Ae Fh isa 
filter base in Y, and the generated filter fil( f (F)) is called the image filter. 

If F is an ultrafilter, then f(F) is an ultrafilter base. Indeed, for B C Y one has 
f7-'(B) € F or f7'(Y \ B) € F. In the first case one concludes that f(f~!(B)) ¢ 
Be fil(f(F)), in the second case that Y \ B € fil(f(F)). 


Proposition 4.6 

(a) Let X,Y be topological spaces, x € X, F a filter in X, F — x, f : X — Y continuous 
at x. Then f(F) > f(x). 

(b) Let X, X, (« €1) be topological spaces, f,: X — X, («€ 1), and let the topology on X 
be the initial topology with respect to (f,).e1. Let x € X, F a filter in X. Then F > x 
if and only if f\(F) > fi(x) for allie I. 
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Proof 
(a) Let V be a neighbourhood of f(x). Then f—!(V) isa neighbourhood of x, and therefore 
ft) €F. From f(f7!(V)) © V one then obtains V € fil(f(F)). 

(b) The necessity is clear from (a). For the sufficiency let U € U,. Then there exist a 
finite set F C J and neighbourhoods U, of f,(x) (1 € J) such that Cher f, 1) CU. 
There exists A € F such that f(A) C U, (« € F). Therefore 


ACh "GAVE Wy WEF), 


Ac) fu. 


leF 


Proof of Theorem 4.1 
Without restriction all X, #4 @. Let F be an ultrafilter in The 7 X.- Then pr,(F) is an 
ultrafilter base in X,, therefore convergent by Proposition 4.5, pr,(F) > x, € X, (We). 
Then Proposition 4.6(b) implies that F > (x,)e7. 


As in the case of Banach spaces Tikhonov’s theorem implies the Banach—Alaoglu 
theorem, i.e., the closed dual ball is weak*-compact, we now derive the corresponding 
result for locally convex spaces. 


Theorem 4.7 (Alaoglu-Bourbaki) 
Let E be a locally convex space, U © E a neighbourhood of zero. Then U° © E' is 
o(E’, E)-compact. 


Lemma4.8 Let E be a vector space. Then E* is closed in K® with respect to the product 
topology. 


Proof 
For A € K, x, y € E the mapping 


~rxy: K® > K, fr faxt+y)-Af@e) — fO) 


is continuous. (Note that, for x € E, the mapping K? 5 f /& f(x) € K is one of the 


projections defining the product topology.) Therefore E* = M1 oy " 7 (0) is closed. 
AEK,x,yeE a 


Proof of Theorem 4.7 

Without loss of generality we may assume that U is absolutely convex. We note that x’ « U°® 
if and only if x’ € E* and |(x, x’)| < pu(x) (x € E). The condition is clearly sufficient. On 
the other hand, if x’ ¢ U°,x € E,A > py (x), then tx e€U, tx, x’)| <1, (x, x')| <A; 
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therefore, |(x,x’)| < pu (x). This implies that 


US = {x' € E*; |{x,x')| < pu) we E)} 
={fek*®; |f@I< pu) we BE} NE 


- (T] Bx (0, pu(x)I) n E*. 


xeE 


Theorem 1.2 implies that the weak topology on E’ and the product topology on 
Tlrez BxlO, py (x)] are the restrictions of the product topology on KE = Treg K to 
these sets. Because of Lemma 4.8 it therefore follows that U° is a closed subset of the 
compact set [],<¢ B[0, pu (x)]. 


Let (E, F) be a dual pair. Let 
My = {B C F; B absolutely convex and o(F, E)-compact}. 
Obviously one has M,, C B,(F, E). Then the polar topology 
WE, F):= tm, 


on E is called the Mackey topology. The Mackey topology (F, E) on F is defined 
correspondingly. 

In the following Chapter 5 we will show that (F, u(E, F))'! = bo(F), and that 
LE, F) is the strongest topology with dual b2(F), in the following sense: If (E, F) is 
a separating dual pair, then a locally convex topology t on E is compatible with (E, F) 
if and only ifo(E, F) Ct Cw(E, F). 

In the last statement, the necessity of the condition is easily obtained from our 
treatment presented so far. If t is compatible, the property o(E, F) C t follows 
from the definition of the topology o(E£, F) (and Theorem 1.2), whereas the property 
t C WCE, F) is a consequence of Theorem 4.7, as follows. The space (E£, tT) possesses 
a neighbourhood base of zero U/ consisting of closed absolutely convex sets; hence 


M := {U°; UEUu} CM,, 


by Theorem 4.7, and therefore tT = tTyy C tu, = ME, F). 

The definition of M/,, suggests the question whether in a locally convex space the 
closed absolutely convex hull of a compact set is again compact. Example 4.10 given 
below shows that this is not always the case. We will show in Chapter 11 that it is 
true if E is quasi-complete (Corollary 11.5). In particular it is true if EF is a Banach 
space (‘Mazur’s theorem’). In Chapter 14 we will show that it is also true for the weak 
topology in a Banach space (‘Krein’s theorem’). However, it is always true that the 
closed absolutely convex hull of a compact convex set is compact; this is the content of 
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the following lemma. As a consequence one obtains w(E, F) = TM, also for 
Mi = {B C F; B convex and o(F, E)-compact}. 


Lemma 4.9 Let E be a topological vector space, and let A C E be a compact convex subset. 
Then aco A is compact. 


Proof 
(i) If B C E isa balanced subset, then aco B = co B. This holds because 


n n 
coB= [yous A1,--+,An € [0, 1], Ay =1, x1,...,x%, € B, nen} 
j=l j=l 


is easily seen to be balanced. 

(ii) If K = R, then bal A = [—1, 1] - A C co(A U (—A)), and the latter set is compact 
(as the image of the compact set {(A1,42) € [0, 1]?; Ay + A2 = 1} x A x (—A) under 
the continuous mapping (A1, 42,x1,%2) 1 Ayx; + Azx2). Hence acoA = co(bal A) C 
co(A U (—A)) is compact. 

(iii) If K = C, then 


bal A = Bc[0, 1]. A € V2c0(A U (iA) U (—A) U (-iA)), 


where again the latter set is compact. The remaining argument is as in (ii). 


Example 4.10 (cf. [Kha82, Chap. Il, Example 10]) 

Consider the dual pair (cc, £1), where c, := linfe, ; n € N}, with the ‘unit vectors’ e, in co (or 
£,). The sequence (2" en), in €; iso (€), cc)-convergent to 0; therefore B := 12" en ;ne N}U 
{O} is o(€1,c-)-compact. For n € N, the element y” := ae ej = Via 2-4 (24e;) 
belongs to co B. For a o(€}, c,)-cluster point y = (y;) of the sequence (y"), the coordinate 
y; would have to be a cluster point of the sequence (yas i.e, yj = 1 (j € N). However, 
the element (1,1, 1....) does not belong to £;. This shows that the sequence (y”),, does 
not have a cluster point, and therefore the set co B is not relatively compact with respect to 
a (£1, Ce). A 


We include an additional information on metrisability in the context of the Alaoglu— 
Bourbaki theorem. 


Proposition 4.11 Let E be a separable locally convex space, U © E a neighbourhood of 
zero. Then the topology o(E', E) is metrisable on U° © E'. 


Proof 

Let A C E be accountable dense set, and denote by p the initial topology on E’ with respect 
to the family (E’ 5 x’ 1 (x,x’) € 3 re Then p is coarser than o(E’, E), and p is 
metrisable, by Proposition 2.17 (where the denseness of A in E implies that o is Hausdorff). 
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As (U°, a (E’, E) NU) is compact by the Alaoglu-Bourbaki theorem, one concludes from 
Lemma 4.12, proved below, that op NU° = ao (E', E)NU®. 


For completeness we recall (from general topology) the following important basic 
observation concerning compactness. 


Lemma4.12 Let X,Y be topological spaces, X compact, Y Hausdorff, f: X —> Y 
continuous and bijective. Then f is a homeomorphism. 


Proof 
We only have to show that f is an open mapping. Let U C X be an open set. Then X \ U is 
closed, hence compact. This implies that Y \ f(U) = f(X \ U) is compact, hence closed, 
i.e., f(U) is open. 


Notes Tikhonov’s theorem is one of the basic theorems of topology, in some sense 
the first result in the development of set theoretic topology which does not come 
along with a straightforward ‘evident’ proof. Tikhonov (in early German transcription 
“Tychonoff’’) proved the theorem for compact intervals in [Tyc30] and mentioned later 
that the proof carries over to the general case. The main result of this chapter, the 
Alaoglu—Bourbaki theorem (Theorem 4.7), uses Tikhonov’s theorem. For the case of 
normed spaces it usually is called the Banach—Alaoglu theorem, proved for the separable 
case by Banach [Ban32, VIII, §5, Théoréme 3] and for the general case by Bourbaki 
[Bou38, Corollaire de Théoréme 1] (and shortly after by Alaoglu [Ala40, Theorem 1:3]). 
The first appearance of the general case may be in a paper of Arens [Are47, proof of 
Theorem 2]. (It is also contained in Bourbaki [Bou64b, Chap. IV, § 2.2, Proposition 2].) 
The Mackey topology was first defined and used by Arens [Are47]; we use the notation 
LE, F), for a dual pair (E, F), thereby following Floret [Flo80]. (A more traditional 
notation, used by many authors, would be t(£, F’), and the author has been told the 
reason for this notation: o(£, F’) is the ‘beginning’ of the scale of compatible locally 
convex topologies, and t(E, F) is the ‘end’; like one often uses [a, b] for intervals 
in R, the idea is to use the neighbouring letters o and t in the Greek alphabet as the 
ends of the ‘interval’. As we use ‘t’ quite generally for topologies, we prefer Floret’s 
notation. Anyway, ‘o’ in weak topologies probably comes from the ‘s’ in the German 
“schwach”. The earliest place where the author could localise the use of ‘o (£, E’)’ for 
the weak topology, is the note [Die40].) 

Summarising the previous discussion, if the names given to theorems should indicate 
their authors, then the Banach—Alaoglu theorem should be called ‘Banach—Bourbaki 
theorem’, the Alaoglu-Bourbaki theorem should be called ‘Bourbaki—Arens theorem’, 
and the Mackey topology should be called ‘Arens topology’ (although in the latter case 
‘Arens—Mackey topology’ would be equally justified). 

Concerning Lemma 4.9, we refer to [Edw65, Remark 8.13.4(3)]. 
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The Mackey-Arens Theorem pas 


The first objective is to complete the discussion concerning compatible topologies on 
E for a dual pair (EZ, F), by showing that (E, w(E, F))' = F. In examples we discuss 
‘compatibility’ for non-locally convex topologies. For the dual pair (€.., £1) we compute 
the Mackey topology on £,.; in this treatment there will come up interesting properties 
of €; which will turn out of importance in Chapter 15. 


Theorem 5.1 (Mackey-Arens) 

Let (E, F) be a dual pair. 

(a) Then (E, W(E, F))! = bo(F) (where w(E, F) is the Mackey topology defined in 
the previous chapter). 

(b) Assume additionally that (E, F) is separating. Then a locally convex topology t 
on E is compatible with (E, F) if and only ifo(E, F) Ct C wl, F). 


For the proof of the theorem we need further preparations. 


Lemma 5.2 Let E be a topological vector space, A,B © E compact. Then A + B is 
compact. 


Proof 
Since the addition a: E x E — E is continuous, the sum A+ B = a(A x B) is 
compact. 


In the following lemma as well as in the proof of Theorem 5.1, the symbol ‘o’ 
will refer to polars taken in the dual pair (E, F'), whereas ‘e’ refers to polars taken in 
(E, E*). We also recall the mapping bo: F — E*, bo(y) := (-, y) (y € F) (from 
Chapter 1). 
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Lemma 5.3 Let (E, F) be a dual pair, B C F absolutely convex, o (F, E)-compact. Then 
B°® = by(B). 


Proof 
It is easy to see that B° = by(B)®. Also, the mapping bo: F > E* is o(F, E)-o(E*, E)- 
continuous, and this implies that b2(B) is 0 (E*, E)-compact, and therefore 0 (E*, F)-closed 
(and absolutely convex). Therefore the bipolar theorem in (FE, E*) yields B°® = b(B)®® = 
bo(B). 


Proof of Theorem 5.1 
(a) As before, let 


My = {B C F; B absolutely convex, o(F, E)-compact}. 


Then AB e M,, for all Be M,, A € K. Also, if A, Be M,, then C := A+ Be M,, by 
Lemma 5.2, and A U B C C. These properties imply that 


Uu:= {B°; BeM,} 


is a neighbourhood base of zero for w(E, F) = ty, by Proposition 3.9(b). Applying 
Theorem 3.2 and Lemma 5.3, we conclude that 


(EME, F) = Jut= LU B= LU (8) =h(F), 
Uceu BEM, BEMy 


where in the last equality we have used that aco{y} €¢ M,, for all y € F, and therefore 
UMz = F. 

(b) The necessity was shown at the end of Chapter 4. The sufficiency follows from 
Theorem 1.8 and part (a). 


Remark 5.4 In the context of Theorem 5.1(b) one can ask whether there may exist non- 
locally convex linear topologies on E such that the dual is F. This will be answered 
affirmatively by the following examples. A 


Examples 5.5 
(a) We present a dual pair (E, F) and a non-locally convex linear topology on E which is 
finer than the Mackey topology w(E, F’), but such that the dual space is still F. 

LetO < p < 1, fp := {x = (xx) € KN; ban |xx|P < oo}, and define the metric 
dp(x, y) = Dopo 4 lxk — yel? on Lp. Then it can be shown that £,, with the topology defined 
by the metric dp, is a topological vector space. Also, it is not difficult to show that €, € £1, 
with continuous inclusion. In contrast to the situation in Example 2.4, there are continuous 
linear functionals on £,, in fact £9 = ¢) © Ce 

We will show that these are all continuous linear functionals, i.e., ¢;, = ¢). Let n € £1. 
Then the restriction of 7 to c, is of the form n(x) = Dopey MeXK (X € Cc). The continuity of 
7 implies that there exists 6 > 0 such that |y(x)| < 1 for all x € €, with Wipcy lx? < 8. 
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Applying this to multiples of unit vectors, we conclude that 1 > |n(65!/Pe,)| = 5!/P |ng| 
(k €N), and therefore (7) € £o9. This shows that each continuous linear functional on £, is 
also continuous on ¢1. 

Let E := £5, let t, be the topology defined by the metric dy, and let t; be the topology 
defined by the norm || - ||1. Then, because £, is dense in £;, we have shown that (E, Tp) = 
(E, 7)’. We will see in Chapter 6 that u(E, E’) = 1 (t, being a locally convex metric 
topology). As the topology Ty, is strictly finer than t, (the sequence (n“V/ 2 eee e i) isa 
null sequence for t;, but not for t,), it follows from the Mackey—Arens theorem that tp is 
not a locally convex topology. 

A more detailed investigation of linear topologies finer than the Mackey topology, but 
still resulting in the same dual space, has been given in [Kak87]. 

(b) The second example on the issue of ‘compatible’ non-locally convex topologies on 
E, for a separating dual pair (E, F'), concerns the question whether there also can be a non- 
locally convex topology between the weak topology and the Mackey topology. The author 
could not trace a treatment of this question in the literature. The example will show that the 
answer to this question is also positive. 

LetO0<q<1<p<oo, let E :=L,(0, 1), and let o be the weak topology. Define the 
metric dy (f, g) := f | f —g|? on E, and denote by ty the topology defined by this metric. (In 
other words, ty is the topology on E induced by the non-locally convex linear topology of 
L, (0, 1).) Define t on E as the initial topology with respect to the mappings id: E > (E, a) 
and id: E —> (E, ty). Then t > o. But also w(E, E')= T|-I|p 2 T, because the mappings 
id: (E, || - |lp) > (£, 0) and id: (E, || - |lp) > (EZ, t,) are continuous. (Again, for the fact 
that w(E, E’) = Tj.||, we refer to Chapter 6.) 

It remains to verify that the topology t is not locally convex. The first observation is that 
a neighbourhood base of zero for t is given by {Up, ¢; F C (E, ||-|lp)’ finite, ¢ > 0}, where 


Ur, ce ={f €E; sup |n(f)| <, dg(f, 0) < é}. 
neF 


We show that the t-neighbourhood U := {f € E; dg(f,0) < 1} of zero does not contain 
the convex hull of any of the zero neighbourhoods Ur, ;. More precisely, we show that the 
convex hull of Ur, , contains elements f € M1, eF n—! (0) with d, , (f, 0) arbitrarily large. 

Let F Cc iB. l- lp aa é > 0. Letn Ee N. For | < j <n we can find 
Spe Nn er) LO)NL p(— : 1, 4) (where we identify L p(— t) with the set of elements in 
L p(O, 1) vanishing on (0, »\ ; £)), /\filt = = e. Then We A(fite+-+ fa) € coUF ., 
and dg(f,0) = f\flt =n? (f Ale +--+ fl fal?) =nl4e. 

What we have shown is that U does not contain a convex neighbourhood of zero, and 
therefore the topology Tt is not locally convex. A 


Example 5.6 
As an illustration of the Mackey—Arens theorem we will compute the Mackey topology 
M(loo, £1). 
(1) First we determine the o (€;, €o.)-compact sets, i.e., the weakly compact sets of €1. 
We suppose that it is known that a set A C @, is relatively compact if and only if A is 
bounded and sup,<4 ee |x;| > 0(n — oo). (This is easy to show.) Equivalently, A is 
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relatively compact if and only if there exists a decreasing null sequence a = (a) in (0, 00) 
such that 


CO 
ACA, := {x= (x); e415 Yo <a, (neN)}. 
j=n 
In what follows now we will use the fact that A is weakly compact if and only if A is 
compact. This will be shown below in Corollary 5.10. 
(ii) With A := {a; a = (qa;); adecreasing null sequence in (0, oo)}, M := 
{A/,; « € A} we now obtain 


TM = M(Loo, £1) 


(note that the sets A’, are absolutely convex). Next we show that one can replace the 
collection M’ by 


M:= {aBe,; ae A}, 


where a By, := {ox = (ajxj)j; xE1, xl] < iy, 

For a € A one has wBy, C Al because from x € By, one obtains i ajlxj| < 
an eae [xj] < an (Xn EN). 

For a € A one has ye (an — Qn+1) = a (< co). Therefore there exists B € A such 


that eae Fe (On — Qn+1) < 1 (see Remark 5.7 below). With this 6 one has Al, Cc BBe,, 
because for x € A’, one has 


nl 1 jot . fae 
Per a eer 


n=1 n=2 


1 1 
< (a1 — a2) + — 


_ ore 1, 
Bi a al 


(iii) For a € A we set Ay := aBe,, Pu ‘= GA, (= Pac), and we compute py. For y € loo 
one has 


Poly) = sup |{y,x)| = sup |(y,a@x)| = sup an|ynl- 


xe€Aq xEBe, neN 


With P := ius ae A} one now obtains [1(€o5, £1) = Tp. 

Note that in the set P of norms there does not exist a sequence such that every norm in P 
is dominated by some norm in the sequence. This means that the topology (loo, £1) is not 
metrisable. 

(iv) Finally we show that (€50, Tp)’ = €;. (Well, we know from the Mackey—Arens 
theorem that this holds, but for the present example we want to obtain it directly.) 
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Let 7 € (loo, Tp)’. Since the set A is directed, there exists a € A such that 


In(y)| < paly) (y € &o0). 


This means that 7 € (€0, Pa)’. The mapping 
J: (loo, Pa) > Co, Y> ay 


is isometric with dense range. Therefore there exists 7 € €) = cy with 


n(y) = (ay, 4) = Learnt 


i.e., 7 is represented by x = (X,)n := (QnMn)n € 1 in the standard dual pairing of £; and 
Loo. This shows that (£99, Tp)’ € £4. 
Also, for x € €; there exists a € A such that (x an Xn)» € €;, by Remark 5.7. Therefore 


| Xu YnXn 


This shows that (£.0, tp)’ = £1. A 


<)D |ynXn| = dale | an lyn] < I()I, Paly) (y € £00). 


Remark 5.7 Let (a,,), be a sequence in [0, 00), )°, d, < oo. We show that there exists an 
increasing sequence (Cy), in (0, 00), Cy — 00 (n — oo), and such that }°), Cdn < 00. 
There exists a strictly increasing sequence (n;); in N such that 


Yacs GeéN). 


n2nj 


Define 


1 forn <n, 


2/ fornj <n <njsi, JEN. 
Then (c,,) is increasing, cy — oo, and 
ny—l ni-l 


Doves Yt LY Yas Yat LI coe A 
n 


n=nj 


In the treatment of Example 5.6 we have used that compactness and weak compact- 
ness are equivalent for subsets of €;. This fact and related properties will be treated 
now. 
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Theorem 5.8 
Let (x") be aa (£1, €o0)-Cauchy sequence in £,. Then (x") is convergent in norm. 


By a o(€), £..)-Cauchy sequence or a weak Cauchy sequence (x”)nen in €; we 
understand a sequence with the property that ((x”, y)), is a Cauchy sequence in K for 
each y € £,.; analogously for “o (£1, co)-Cauchy sequence’. This provisional definition 
is consistent with the definition of Cauchy sequences in topological vector spaces given 
later; see Chapter 9. 


Proof of Theorem 5.8 
The sequence (x”) is bounded, by the uniform boundedness theorem (Theorem B.3). 
Therefore (x”) has a o (£1, co)-cluster point x € £1, by Theorem 4.7, and because (x”) is 
also a o(€1, co)-Cauchy sequence we conclude that x” — x with respect to a (£1, co). (To 
make this clear, let F C co be a finite subset, and let ¢ > O. Then there exists no ¢ N 
such that SUP yep \(x” — x’, y)| < € (m,n > no), and there exists ny > no such that 
SUPycp |(x"!—x, y)| < €. Then supyep |(x" —x, y)| < 2¢ (n 3 no). See also Remark 9.1(b).) 
Without loss of generality we may assume that x = 0. 

We show that x” —> 0 in £; as n — oo. Assuming the contrary, we obtain ¢ := 
lim sup _5 60 [lx || > 0. 

Then it is not difficult to see that there exist a subsequence (x”*), and a subsequence 
(mx) of N, such that 


Mz 7 Mk+1 - ioe) r 

a a PE Sm Te 
weiss Dees oBeI<=. 
jel j=mt+l J=mgyitl 


For simplicity of notation and without loss of generality, we assume that (x”*) = (x*). We 
define y = (yj) € £o0 by 


0 ifl<j<m, 
a k ko: . 
(-1) sgn x; ifme <j < mei, KEN, 


where the signum function sgn: K — K is defined by sgnd := A/|A| if A 4 0, sgn 0 := 0. 
For k > 2 one then obtains 


(xk an?) 


xe — x" yy 
mk Mk+1 (oe) 
k k k k 
= Vy tnt Dit Date 
1 mt+l mgyitl 


Mk-1 Mk 


CO 
— oxi ty - (pet it - YE ity, 
1 


my—\+1 mt+l 
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and this implies that 


k k-1 ky) k k-1 Ge age 
— . —|(-1 = ‘ >-- - = = 
[x = x > y)| = [CHD (x — x —= y) | gta 37 8 


This is a contradiction to (x*) being a weak Cauchy sequence. 


Remarks 5.9 (a) Of course, the weak Cauchy sequence in Theorem 5.8 also converges 
weakly to limx”. So, Theorem 5.8 implies that £; is weakly sequentially complete (in the 
terminology of Chapter 9). In Chapter 15, this property will be extended to all L1-spaces. 
(b) The method employed in the proof of Theorem 5.8 is known under the name of 
‘sliding hump’ or ‘gliding hump’ method. A 


Corollary 5.10 A set A C &; is weakly compact if and only if A is compact. 


Proof 

It is clear that A is weakly compact if A is compact. Now assume that A is weakly compact, 
and let (x”) be a sequence in A. Proposition 5.11, proved below, then implies that (x”) 
contains a weakly convergent subsequence; for the application of Proposition 5.11 note that 
£; is separable. Using Theorem 5.8 we deduce that this subsequence is also convergent in £1. 
So it is shown that A is sequentially compact, and because A is a metric space, this implies 


that A is compact. 


Proposition 5.11 Let E be a separable Banach space, and let A © E be weakly compact. 
Then (A, o(E, E') A) is metrisable. 


Proof 


First we show that there exists a sequence (x/, 


n/n 
be a dense sequence in the unit sphere Sz of E. The Hahn—Banach theorem implies that 


in E’ separating the points of E. Let (xp)n 


there exists a sequence (x/,) in Sgr such that x/,(x,) = 1 (n € N). Then the set a, ;ne N} 
separates the points of £, because for all x € Sz there exists n € N such that ||x — x,|| < 1, 
and therefore x/,(x) = x), (x — X,) + x/, (a) £ 0. 

Let p be the initial topology on E with respect to the sequence (E 5x 
(x, x1) € TR) gs Then Proposition 2.17 implies that p is metrisable. On A one obtains 
pA = o(E,E’) 1 A, because p is Hausdorff and coarser than o(E, E’); recall 
Lemma 4.12. 


Notes Theorem 5.1 was proved by Mackey and Arens. More precisely, Mackey 
[Mac46, Theorem 5] showed that among the compatible locally convex topologies there 
is a coarsest one (the weak topology) and a finest one; and Arens [Are47, Theorem 2] 
provided the description of the finest topology as what is now called ‘Mackey topology’. 
In Example 5.6 we present an example for the Mackey topology (in a non-reflexive 
situation), where one can still compute everything. It turns out that, in order to carry 
this out for the dual pair (,o, £1), one needs interesting properties of convergence in £;, 
which are singled out in Theorem 5.8 and Corollary 5.10; these properties will also be 
needed later in Chapter 15. 
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Topologies on E”, Quasi-barrelled 
and Barrelled Spaces 


The topics of this chapter draw their motivation, with a locally convex space E, from 
two questions: find topologies on E” such that the canonical mapping «: E > E" is 
continuous, and investigate properties of topologies on E ensuring that « is continuous, 
if E” is provided with the strong topology B(E”, E’). The first issue leads to the ‘natural 
topology’ on E”, the second leads to ‘quasi-barrelled’ spaces, and in particular, the 
answer to the second question motivates the investigation of further related properties 
of locally convex spaces. 


The following theorem on bounded sets is important for the subsequent treatment. 


Theorem 6.1 (Mackey) 
Let E be a locally convex space, A € E. Then A is bounded if and only if A is weakly 
bounded. 


Note that the theorem could have been formulated equivalently for a dual pair 
(E, F), by stating that a set A C E is bounded for some compatible locally convex 
topology if and only if A is o(E, F)-bounded. 

The next two lemmas are preparations for the proof. The first of these is the crucial 
reduction of the theorem to the uniform boundedness theorem. 


Lemma 6.2 Let (E, p) be a semi-normed space, A © E. Then A is bounded if and only if 
A is weakly bounded. 


Proof 
The necessity follow from the continuity of id: (E, p) > (E,o(E, E’)) and Lemma 3.4(a). 
To show the sufficiency, we note that (E, p)’ is a Banach space, with norm 


IIx’|| = sup{| (x, x’)|; xe E, p(x) < 1}. 
© Springer Nature Switzerland AG 2020 
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For the canonical map x: E — E” one obtains ||K (x)||z” = p(x) (x € E) as a consequence 
of the Hahn—Banach theorem; see Corollary A.4. The weak boundedness of A implies that 
«(A) is o(E”, E’)-bounded; hence the uniform boundedness theorem, Theorem B.3, implies 


that « (A) is bounded. Therefore sup,.,4 p(x) < 00, i.e., A is bounded. 


Lemma 6.3 Let E, F be locally convex spaces, f : E — F linear and continuous. Then f 
is o (E, E’)-o (F, F’)-continuous. 


Proof 
Theorem 1.2 implies that it is sufficient to show that y’ o f is o(E, E’)-continuous for all 


y’ € F’. This, however, is true because y’ 0 f € E’. 


Proof of Theorem 6.1 
The necessity follows from Lemma 3.4(a). For the sufficiency recall that E carries the 
initial topology with respect to (id: E — (E, p))pep, where P is a set of semi-norms 
(Corollary 2.15). For p € P the identity id: E — (E, p) is continuous, so that Lemma 6.3 
implies that A is weakly bounded in (E, p), and therefore bounded in (E, p), by Lemma 6.2. 
Therefore Lemma 3.4(b) implies that A is bounded. 


We recall that, for a locally convex space E, the bidual is defined as E” = 
(E', B(E’, E))’. The following considerations are motivated by the question for a 
topology on E” inducing the original topology on E under the canonical map x: E > 
E", the answer will be given in Theorem 6.7. A related question is finding properties 
of the topology of E such that the canonical map is continuous if E” is provided 
with the strong topology B(E”, E’). The answer will given in Theorem 6.8: E should 
be ‘quasi-barrelled’. This investigation opens up the discussion of further interesting 
notions important for locally convex spaces. 


Proposition 6.4 Let E be a locally convex space, U the collection of closed absolutely 
convex neighbourhoods of zero, and define 


My := {U°; UE}. 
Then the topology of E is the polar topology ty, (in the dual pair (E, E’)). 
Proof 
Recall from Theorem 2.14 that U/ is a neighbourhood base of zero. Then Theorem 3.6 and 


Proposition 3.9(b) imply that 


U={U°°; Ue} = {B°; BeM,} 


is also a neighbourhood base of zero for Tjy,,. 
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Remarks 6.5 (a) With the collection M, we want to define a polar topology on E”. To 
verify that this is possible one has to show that M, C B,(E’, E”); this will be done 
subsequently in Proposition 6.6. 

(b) Let E be a topological vector space, B C E’. Then B is equicontinuous at 0 if for 
all ¢ > 0 there exists U € Uo(E) such that |(x, x’)| < e (x € U, x’ € B), or equivalently, if 
there exists U € Uo(E) such that |(x, x’)| < 1 (x €U, x’ € B), i.e., such that B C U®°. For 
simplicity, we will then call B equicontinuous. 

Because of linearity, a set B C E’ is equicontinuous at 0 if and only if it is ‘uniformly 
equicontinuous’, i.e., if for all ¢ > 0 there exists U € Uo(E) such that |(x, x’) — (y, x’)| = 
\(x — y, x')| < e forall x, y ¢ E withx — y€U andall x’ eB. 

(c) Now let E be a locally convex space. In view of the preceding discussion, 
in Proposition 6.4 the collection M, could have been replaced by the collection 
of all equicontinuous subsets of E’ (called E€ in a discussion at the end of the 
present chapter). A 


Let E be a vector space, A, B C E. We say that A absorbs B, or that B is absorbed 
by A, if there exists a > 0 such that B C AA for all A € K with |A| > a. 


Proposition 6.6 Let E be a locally convex space, U € Uo(E). Then U® is B(E', E)- 
bounded. 


Proof 
Let V C E’ bea B(E’, E)-neighbourhood of zero; without loss of generality we can assume 
that V = B° for some weakly bounded set B C E. Theorem 6.1 implies that B is bounded, 
and therefore U absorbs B. This, in turn, implies that V = B° absorbs U°. 


Let E be a locally convex space. With M, from Proposition 6.4 the topology 
ty = THA. 


on E”, with the polar topology formed in the dual pair (E”, E’), is called the natural 
topology; this name is the motivation for the index ‘n’ in M, and t,. (With the 
terminology ‘natural topology’ we follow [K6t66, § 23.4], [Sch71, Chap. IV, § 5.3].) 

Proposition 6.6 can also be expressed by M, C 6,(E’, E”), and this implies that 
t © B(E", E'). 


Theorem 6.7 

Let E be a locally convex space. Then E carries the initial topology with respect to the 
canonical map k: E — (E", t). The topology tn is the finest polar topology on E” 
in the dual pair (E", E') for which ke: E — E" is continuous. If E is Hausdorff, then 
« is an isomorphism from E to the subspace x (E) of (E", Tn). 
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Proof 
In this proof the polars taken in (E”, E’) will be denoted by ‘e’ (whereas ‘o’ denotes polars 
in (E, E’)). 

Let U € Uo(E) be absolutely convex and closed. Then one has «~!(U°*) = U°° =U. 
This shows that «: E — (E”, t,) is continuous and that E carries the initial topology as 
asserted. If E is Hausdorff, then « is injective and one obtains e(U) = x(k~!(U°®)) = 
U°* 1 «(E), and this implies the last assertion of the theorem. 

Let t,4 be a polar topology on E”, with M C B,(E’, E”), and assume that «: E > 
(E”, 4) is continuous. Let B ¢ M. Then B® is a tay-neighbourhood of zero, and by 
hypothesis B° = «—!(B®) is aneighbourhood of zero in E. Therefore B C B°° € My, and 
this implies that ty4 © Tt. 


Theorem 6.8 
Let E be a locally convex space. Then the following properties are equivalent: 
(i) t= B(E", E'); 
(ii) every B(E’, E)-bounded set B © E’ is equicontinuous; 
(iii) if U C E is absolutely convex, closed and bornivorous (i.e., U absorbs all 
bounded sets), then U is a neighbourhood of zero. 


Proof 
As above, the polars taken in (E”, E’) will be denoted by ‘e’. 

(i) > (ii). Let B C E’ be B(E’, E)-bounded. Then B is o(E’, E”)-bounded, because 
B(E', E) D> o(E’, E”). Hence B® is a B(E”, E’)-neighbourhood of zero, and therefore 
B° =«x7—!(B®) is a neighbourhood of zero in E, i.e., B is equicontinuous. 

(ii) > (iii). Let U be as in (iii). It is sufficient to show that U® is equicontinuous. (Then 
U = U°® is a neighbourhood of zero.) 

Let V C E’ bea B(E’, E)-neighbourhood of zero, without restriction V = B°, with 
bounded B C E. Then U absorbs B, and therefore V = B° absorbs U°. This shows that 
U° is B(E’, E)-bounded, and property (ii) implies that U° is equicontinuous. 

(iii) > (i). By Theorem 6.7 it is sufficient to show that the canonical map k: E > 
(E", BCE", E’)) is continuous. 

Let U C E” bea B(E", E’)-neighbourhood of zero, without restriction U = B® with 
a o(E’, E”)-bounded set B C E’. We have to show that e~!(U) = x7!(B®) = B° isa 
neighbourhood of zero. Because of (iii) it is sufficient to show that B° is bornivorous. 

Let A © E be bounded. Then A° is a B(E’, E)-neighbourhood of zero, therefore A° 
absorbs B (where it was used that Theorem 6.1 implies that B is B(E’, E)-bounded). This 
implies that A C A°° is absorbed by B°. 


Let E be a locally convex space. 

Aset B C E isa barrel if B is absolutely convex, closed and absorbing. Obviously, 
B is a barrel if and only if there exists a o(E’, E)-bounded set A C E’ such that 
B = A®. The space E is barrelled if every barrel is a neighbourhood of zero. E is 
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quasi-barrelled (also ‘infrabarrelled’) if every bornivorous barrel is a neighbourhood 
of zero. We note that Theorem 6.8 characterises quasi-barrelled spaces. 


Theorem 6.9 
Let E be a locally convex space and a Baire space (see Appendix B). Then E is 
barrelled. In particular, Fréchet spaces and Banach spaces are barrelled. 


Proof 

Let B C E bea barrel. Then E = UnennB, and therefore B #O.Letxe B, U an 
absolutely convex neighbourhood of zero such thatx+U C B.Then-—x+U = —(x+U) C 
B as well, and 


U =5U 4+ 5U = $x +: U) + 5(-x + U) CB. 


Examples 6.10 
(a) The spaces C(X), for X o-compact Hausdorff locally compact, and C*(Q), for Q C R” 
open, k € Ng U {oo} are barrelled. Also L p joc (82), for &2 © R” open, 1 < p < w, isa 
barrelled space. 

(b) The space (Ce, || - ||oo) is an example of a quasi-barrelled space that is not barrelled. 
Indeed, let (a), be a null sequence in (0, 00). Then 


B:= eae |Xn| < On (neN} 


is a barrel, but not a neighbourhood of zero. Thus the space is not barrelled. However, the 
unit ball is bounded, therefore every bornivorous set absorbs the unit ball and therefore is a 
neighbourhood of zero; hence the space is quasi-barrelled. A 


A topological vector space is called bornological if it is locally convex, and 
every absolutely convex bornivorous set is a neighbourhood of zero. Evidently, every 
bornological space is quasi-barrelled. 


Proposition 6.11 Let E be a metrisable locally convex space. Then E is bornological. 


Proof 

There exists a decreasing neighbourhood base of zero (Un)n in E. Let A C E be a subset 
which is not a neighbourhood of zero. Then for all n € N there exists x, € U, \ nA. Hence, 
(Xn) 1s a null sequence, therefore bounded, but the set Ee neN \ is not absorbed by A. 
Thus, A is not bornivorous. 


This shows that every bornivorous subset of E is a neighbourhood of zero. 


The reader may have noticed that the author distinguishes carefully between sets 
and families. (A sequence of functions, for instance, which is a family, would always 
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be written as (fi)nen Or (fn; € N), maybe sometimes simply as (/,,), but never as 
{ fn}nen-) A neighbourhood base of zero is, by definition, a collection (i.e., a set) of 
sets. Nevertheless it is convenient to write a countable neighbourhood base of zero as a 
sequence (U;,)nen, as above, in particular if one wants to say that it is ‘decreasing’. This 
kind of ‘inconsistency’ should not lead to confusion; the corresponding remark applies 
also to the notion ‘cobase of bounded sets’, defined in Chapter 7. 


Proposition 6.12 Let (E, t) be a quasi-barrelled locally convex space. Then t = (E, E’). 


Proof 
‘C’ is obvious. 

For ‘D’ let U be a w(E, E’)-neighbourhood of zero, without restriction a barrel. Then 
U is bornivorous because of Mackey’s theorem (Theorem 6.1). Since E is quasi-barrelled, it 


follows that U is a neighbourhood of zero. 


Remark 6.13 Locally convex spaces (E, tT) such that t = yx(E, E’) are also called Mackey 
spaces. However, we warn the reader that in some references bornological spaces are called 
Mackey spaces. A 


Theorem 6.14 

Let (E, t) be a locally convex space. Then the following statements are equivalent. 
Gi) E is barrelled; 

(ii) every o(E’, E)-bounded set B C E’ is equicontinuous; 

(iii) t = B(E, E’). 


Proof 
(i) > Gi). Let B C E’ be o(E’, E)-bounded. Then B° is a barrel, and therefore a 
neighbourhood of zero. The latter is equivalent to B being equicontinuous. 

(ii) > (iii). Since equicontinuous subsets of E’ are o(E’, E)-bounded (a consequence 
of Lemma 3.4(b)), one could formulate (ii) also by saying that the collection of o(E’, E)- 
bounded sets is identical to the collection of equicontinuous sets. Proposition 6.4 implies 
that t is the polar topology corresponding to the collection of equicontinuous subsets of E’; 
hence it follows that t = B(E, E’). 

(iii) > (i). If B C E is abarrel, then B° is o(E’, E)-bounded, and therefore B = (B°)° 
is a B(E, E’)-neighbourhood of zero. 


Remark 6.15 The statement in (ii) of Theorem 6.14 could be interpreted as a kind of 
uniform boundedness theorem (for linear functionals). A 
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In order to illustrate the interplay between the different notions we have introduced 
we define the following notation. For a locally convex space E let 


i {B CE’; B equicontinuous}, 

Cra [8 Ce#’; mop o(E’, E)-compact}, 
By := {BC E’; B B(E’, E)-bounded}, 

By := {B CE’; Bo(E’, E)-bounded}. 


Lemma6.16 € CC C Bg C Ba. 


Proof 
The first inclusion is the Alaoglu-Bourbaki theorem (Theorem 4.7). For the second inclusion 
note that tc = w(E’, E). Therefore, for a set C = C°° €C the polar C° is a w(E, E’)- 
neighbourhood of zero, absorbing each bounded set B C E (by Theorem 6.1), which implies 
that B° absorbs C°° = C. As the sets B° constitute a B(E’, E)-neighbourhood base of 
zero, it follows that C is B(E’, E)-bounded. The third inclusion is clear because B(E’, E) D 
o(E’, E). 


Remark 6.17 For a locally convex space (E,t) we summarise the obtained results in a 
scheme of implications: 


E=C=Bgy = E=C 
t t 
metrisable => bornological = > quasi-barrelled => 1t = (E, E’) 


ft tt 
Fréchet space => Baire => barrelled 
t 
t = B(E, E’) 

t 
E=C=Bg=Bao A 
Closing the present chapter, we give a statement concerning bornological spaces. 
The equivalence expressed in condition (ii) gives a hint for the name ‘bornological’: 


The continuity of a linear mapping is determined by the behaviour of the mapping on 
bounded sets. 
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Proposition 6.18 Let E be a locally convex space. Then the following statements are 

equivalent: 

(i) E is bornological; 

(ii) for each locally convex space (resp. semi-normed space) F every bounded linear 
mapping f: E — F is continuous (where ‘bounded’ means that for all bounded 
AC E the image f (A) is bounded). 


Proof 
(i) > (ii) (for ‘locally convex’). Let F be a locally convex space, f: E — F linear and 
bounded. Let V C F be an absolutely convex neighbourhood of zero, A C E bounded. Then 
f(A) is bounded, and therefore is absorbed by V. Therefore A C f~!(f(A)) is absorbed 
by f —!(V). This shows that the (absolutely convex!) set f -!(V) is bornivorous, hence a 
neighbourhood of zero. 

(ii) (with ‘semi-normed’) => (i). Let U C E be absolutely convex and bornivorous, py 
the Minkowski functional of U. Then id: E — (E, py) is bounded: If A is bounded, then A 
is absorbed by U C {x € E; pu(x) < Ve The hypothesis implies that id: E > (E, py) is 
continuous, and therefore U is a neighbourhood of zero in E. 


Notes Theorem 6.1 is due to Mackey [Mac46, Theorem 7]. Discussions on the natural 
topology can be found in [K6t66, V, § 23.4], [Sch71, Chap. IV, § 5.3]. The remaining 
topics of the chapter are rather standard and difficult to trace to the origins. 
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Fréchet Spaces and DF-Spaces | Sais 


Besides Hilbert spaces and Banach spaces occurring as function spaces in analysis, an 
important role is also played by Fréchet spaces. It is for this reason that we include a 
chapter on some properties of metrisable locally convex spaces and Fréchet spaces. The 
first part of the chapter concerns the duality of Fréchet spaces: in short and simplified, 
duals of Fréchet spaces are DF-spaces, and duals of DF-spaces are Fréchet spaces. 
Looking at examples of duals of Fréchet spaces, one realises that quite often they can 
only be described as quotients, and this is the reason for inserting a short interlude on 
final topologies and topologies on quotient spaces. The third topic is a peculiarity of 
Fréchet spaces: They could also have been defined as ‘completely metrisable’ locally 
convex spaces. 


For brevity it will be convenient to introduce the following notions. A countably 
quasi-barrelled (also “countably infrabarrelled’) space is a locally convex space with 
the property that each bornivorous countable intersection of closed absolutely convex 
neighbourhoods of zero is a neighbourhood of zero. It is evident that “quasi-barrelled’ 
implies ‘countably quasi-barrelled’. 

A cobase of bounded sets in a topological vector space E is a collection B of 
bounded sets with the property that for each bounded set A C E there exists B € B such 
that A C B. 

A DF-space is a countably quasi-barrelled locally convex space possessing a 
countable cobase of bounded sets. We will show that the dual of a metrisable locally 
convex space is a DF-space and that the dual of a DF-space is a Fréchet space. Just for 
an easy example: Each normed space is a DF-space; it is bornological, hence countably 
quasi-barrelled, and the sequence (B(0, 7)),en is a countable cobase of bounded sets. 

It will be convenient to use the notation E fi for the dual of a locally convex space E, 
provided with the topology B(E’, FE). 


© Springer Nature Switzerland AG 2020 
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Theorem 7.1 

Let E be a metrisable locally convex space, and let (Un) nex be a neighbourhood base 
of zero. Then (U nen is a countable cobase of bounded sets in E',, and the space E 2 
is a DF-space. 


Proof 

Let A C E’ bea B(E’, E)-bounded set. Then for each bounded (equivalently, o(E, E’)- 
bounded) absolutely convex set B C E there exists A > O such that A C AB®, therefore 
A°D +B. This means that A° is bornivorous, hence a neighbourhood of zero (because E is 
bornological, see Proposition 6.11), A° > U, for some n € N, and A € (A°)° C UP. This 
proves the first assertion of the theorem. 

For the proof that E fi is countably quasi-barrelled, let (Vn)nen be a sequence of 
closed absolutely convex neighbourhoods of zero in Ep. and suppose that V := (),, Vn is 
bornivorous. (The ‘problem’ — see below — is that the sets V,, are not necessarily o (E’, E)- 
closed.) The procedure of the proof is to construct a sequence (W,,),cn of absolutely convex 
o(E’, E)-closed neighbourhoods of zero in E’ with W, C V, (n € N) and such that 
W :=(),, Wn is still absorbing (even bornivorous). Then W = (W°)°, and W° is o(E, E’)- 
bounded; hence W C V will be a neighbourhood of zero, and the proof will be finished. 

For the construction of the sequence (W,,) let An := U (n € N). We show by induction 
that there exist sequences (A,) in (0, 0o) and (W,) of absolutely convex o(E’, E)-closed 
neighbourhoods of zero satisfying 


AnAn S(GV)NW; = (1S j <a), (7.1) 
Aj Aj S Wn S Vn (l<j<n) (7.2) 
for all n € N. Assume that A1,...,An—1, Wi,..., Wn—1 are found. As V absorbs A,, and 


‘an <jen W; is a neighbourhood of zero, there exists 4, > 0 such that (7.1) is satisfied. The 
set 


Ch := aco ( U 1jA}) = aco ( UL a;U?) 


I<j<n I<j<n 


is o(E’, E)-compact by the Alaoglu-Bourbaki theorem (Theorem 4.7) and Lemma 7.2 
below. As V,, is a neighbourhood of zero in E’,, there exists a bounded set B, C E such 
that BP C 3Vn- Setting W, := B? + C, we obtain an absolutely convex o (E’, E)-closed 
neighbourhood of zero in E’ satisfying W, C 3Vn + 3V C V,,. (For ‘o (E’, E)-closed’ we 
refer to Lemma 7.3 below.) 

From (7.1) and (7.2) it follows that 4;A; C Wy, for all j,n © N, hence A;Aj; C W for 
all 7 € N, and this implies that W is bornivorous. 


In the proof given above we have used two properties concerning compact sets we 
will show now. 
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Lemma 7.2 Let E be a topological vector space, and let A\,..., An GC E be compact 
absolutely convex sets. Then the set aco(A, U--- U An) is compact. 


Proof 
It is sufficient to show this for n = 2. In this case one has 


aco(A; U Az) = {Ajay + Azag; Ay, A2 SO, Ay +A2=1, ay € Al, ay € Ad}. 
Indeed, it is obvious that the right-hand side is balanced, it is easy to show that it is convex, 
and it clearly is the smallest convex set containing A; U Az. This means that aco(A U A2) 


is the image of the compact set 


{(A1, Az) €[0, 1]?; Ar +A2 = 1} x Al x Ag 


under the continuous mapping (A, A2, a), a2) H A,a2 + A2a2; hence it is a compact set. 


Lemma 7.3 Let E be a topological vector space, A, B C E, A closed, B compact. 
(a) IfAN B= @, then there exists U € Up(E) such that AN (B+ U) = ©. 
(b) The set A+ B is closed. 


Proof 
(a) For each b € B there exists V, € Up such that AN (b + V,) = ©, and there exists an open 
Uy € Up such that U, + Up C Vp. For the open covering (b + Up)peg of B there exists a 


finite subcovering (b + Up)per. With U := (\pep Up € Uo(E) we then obtain 


AN(B+U)SAN((JO+ Up) +U) cAn(U6+%)) =2. 
beF beF 


(b) Letx € E\ (A+B), ie., (4 — A)N B = @. As x — Ais closed, part (a) implies that 
there exists U € Up such that (x — A)N (B+ U) = @, ie., (x — U)N(A+ B) = @. This 
shows that E \ (A + B) is open. 


The following lemma is a preparation for the description of the dual of DF-spaces. 


Lemma 7.4 Let E be a countably quasi-barrelled locally convex space, and let BoC 
E' be a B(E’, E)-bounded countable union of equicontinuous subsets of E'. Then B is 


equicontinuous. 


Proof 
Recall that B is equicontinuous if and only if B° € Uo(E). 

If C © E is bounded, then C° is a neighbourhood of zero for B(E’, E); hence there 
exists A > 0 such that AC° D B, which implies +c Cc ri oh C B°. This shows 
that B° is bornivorous. Let (B,) be a sequence of equicontinuous subsets of E’ such that 
B = \,, Bn. Then B° = (),, BO is a countable intersection of closed absolutely convex 
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neighbourhoods of zero. Now the hypothesis that E is countably quasi-barrelled implies that 
B° is a neighbourhood of zero, i.e., B is equicontinuous. 


We mention that, in Lemma 7.4, the property ‘countably quasi-barrelled’ is equiva- 
lent to the requirement that each 6(E’, E)-bounded countable union of equicontinuous 
subsets of E’ is equicontinuous; see [Bou07a, Chap. IV, § 3,Proposition 1]. In fact, it 
is the latter condition that Grothendieck [Gro54, p. 63] takes into his definition of DF- 
spaces. 


Theorem 7.5 
Let E be a DF-space. Then E 2 is a Fréchet space. 


Proof 
By hypothesis, there exists a countable cobase (Bn)nen of bounded subsets of E. Then (B°) 
is aneighbourhood base of zero in E B This shows that E, is metrisable; let d be a translation 
invariant metric on E’ inducing the topology B(E’, E) (see Proposition 2.17). 

Let (yy) be a Cauchy sequence in (E’, d). Then for any V € Uo(E p) there exists ng such 
that yn — ym € V for all m,n > no. This implies that the sequence (y,) is bounded in E Be It 
also implies that for all x € E the sequence (x, y,)) is a Cauchy sequence in K; hence 


y(x) <= lim (x, Yn) (x € E) (7.3) 


defines an element y € E*. Lemma 7.4 implies that 1 Sait ne N} = Unen{yn} is 
equicontinuous, i.e., there exists U € Uo(E) such that 


{yn; nEN} CUS CU® = {ze E*; |{x,z)| <1 @ EU}. 


Then (7.3) implies that y € U®; hence Theorem 3.2 show that y € E’. Finally, for each 
bounded set B C E, the sequence ((-, Yn)| Ben is a Cauchy sequence with respect to the 
sup-norm, hence uniformly convergent to (-, y)|g. This shows that y, — y with respect to 
B(E’, E) asn > oo. 


Combining the previous results we now obtain information on the bidual of 
metrisable locally convex spaces. 


Corollary 7.6 Let E be a metrisable locally convex space. Then its bidual Es C= 
(E", B(E", E'))) is a Fréchet space, and E is isomorphic to a subspace of Es via the 
canonical embedding k: E <> E". In particular, if E is a Fréchet space, then E is isomophic 
to a closed subspace of E B : 


Proof 
From Theorem 7.1 we know that E B is a DF-space, and then Theorem 7.5 implies that 
Es is a Fréchet space. As E is bornological, by Proposition 6.11, hence quasi-barrelled, 
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the combination of Theorems 6.7 and 6.8 shows that « is an isomorphism between E and 
«(E). If E is a Fréchet space, then «(E) is a complete, hence closed subspace of E’,. More 
precisely, if d” is a translation invariant metric on E” inducing the topology B(E”, E’), then 
the restriction d of d” to k(E) is a translation invariant metric on k(E) and (k(E), d) is 


complete, hence «(E) is closed in (E”, d’). 


As a preparation for the following example we need a property for polars which we 
did not use so far, and which we don’t want to treat in the middle of the example. Let 
(E, F) be a dual pair, and let A be a collection of absolutely convex o(E, F)-closed 
subsets of EF. Then the bipolar theorem, Theorem 3.6, and Remark 3.3(c) imply 


eo} fe} [exe) ——— 
(NA) = (Maer 4°?) = (Uaer 4°) = 800 (Uaen AS), (7.4) 
where the closure in the last term is with respect to o (F, E). 


Examples 7.7 

(a) Continuing the treatment of the space of rapidly decreasing sequences s and its dual f, 
we determine the bounded sets of s. Recall the norms px on s from Example 2.19(c). A set 
B Css is bounded if and only if 


Vk t= SUP PE (X) < 00 
xeB 


for all k € No, and then B C ken By, [0, vx]. This implies that 
B:= {Mey Buil0. vel: v € (0, 00)%0} 


is a cobase of bounded sets in s. 
The ‘dual norm’ q; on f to pz in the dual pair (s, t) is given by 


qk(y) = suplynin~* € [0,00] (yet), 
neN 


and one obtains Bp, [0, c]° = By.(0, 1/c] for all k € No, c > O, with the polar taken in (s, f). 
This statement needs some explanation. For a dual pair (E, F) and a set A C E, we 
define ga: F — [0, co] by 


ga(y) = sup{|(x,y)|; xe A} (ye F). 


(In Chapter 3, this definition was given for the case that A is o(E, F)-bounded, yielding a 
semi-norm q4: F — [0, oo).) Extending our definition of balls we will use the notation 


Bg, l0, c] := {ye F; qaQy) <c} (c > 0); 


this still implies that A° = B,,[0, 1]. 
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For the present case, the “norm” gx = qa: t — [0,00] corresponds to the set 
A := By, [0,1] © s. For B = Aken By,(0, ye] € B one then obtains, applying (7.4), a 
neighbourhood of zero for B(t, 5) by 


B° = 200 (Ugeny Bax 0, 1/yel). 


and these sets constitute a neighbourhood base of zero when B runs through B. 
In Example 10.7 we will show that A(t, s) is a locally convex inductive limit topology. 
(b) Define 


C®™[0, 1] := {f ec” 0, 1); f™ extends continuously to [0, 1], for alln € No}, 
with the topology t generated by the semi-norms 
Pf =F lloo (fF €C™[0, 1], mE No). 


It is standard to show that then C°[0, 1] is a Fréchet space. 
For the description of the dual space of C®[0, 1] we first observe that the mapping 


o F N 
PCUNS2=c0 1s ss"), ce 
is an isomorphic embedding, if EF is provided with the topology generated by the sequence 
of semi-norms (din im ENo> 


Gm (8) = Ilemlloo — (g = (8n)neNo € CLO, 11%, m ENo). 


As for KN — see Examples 1.10 and 2.19(a) -, one shows that E is also a Fréchet space and 
that the dual space of E is given by 


E' = @ M0, 1) := {(n)neno € MIO, 11%; Im ENo : pn =0(n > m)}, 


néeNo 


where M[0, 1] denotes the space of signed Borel measures on [0, 1]. (Here one also has to 
use that C[0, 1] is isomorphic to M[0, 1], by the Riesz—Markov representation theorem; see 
[Rud87, Theorem 2.14].) 

Now let 1 € C®[0, 1]’. Then n o j~! € j(C™[0, 1])’, and applying Corollary 2.16 we 
obtain 7 € E’ such that A] jc-[0,1) = © eee 

In order to express this differently we define the dual pair (C™[0, 1]), E’), with duality 
bracket 


AD = U0) Mee = >> ff dun, 


néNo [0,1] 
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where 7) = (Un) neNy- In this setting we have shown above that C™[0, 1]’ = b2(E’), where bo 
is the mapping b2: E’ + C%™[0, 1]* defined in Chapter 1, for the dual pair (C™[0, 1]), E’). 
Not unexpectedly, bz is far from being injective: For instance, if 0 4 y € Cc} (0, 1) and we 
define 7 = (Un) by wo := —@'A, “1 := MA (where A denotes the Lebesgue measure), 
Ln := 0 (n > 2), then 7 4 0, but 


1 1 
R= U Hew =| F(-9") dx +[ fodx =0 


for all f € C™[0, 1]. As a consequence, defining (E’)o := ker bz, we obtain C™[0, 1] as 
the quotient space E’/(E’)o. A 


In the previous example we have seen a natural description of the dual of a Fréchet 
space as a quotient space. Further instances of this case are Example 8.4(b) or the space 
treated in Chapter 16. We take this as a motivation for a short interlude on topologies on 
quotient spaces. We start with preparations concerning the final topology for topological 
spaces. 


Remarks 7.8 (a) Let (X, tT) be a topological space, Y a set, and f: X > Y.OnY we define 
the final topology by 


oi= {V CY; fo lW) open}. 


It is easy to see that indeed o is a topology, clearly the finest topology such that f: X > Y 
is T-o -continuous. 

Suppose additionally that f is surjective. Then one has 0 C { fU); Ue tt. Indeed, for 
V €o one obtains f—!(V) et and V = f(f—!(V)). 

The mapping f defines an equivalence relation on X, with equivalence classes given 
by f—!(y), for y € Y. Assume that for all open sets U C X the union f—!(f(U)) of the 
equivalence classes of elements belonging to U is open. Then f(U) € o by definition, and 
one concludes that 0 = {f(WU):; Ue t}. 

In particular, the mapping f is open, i.e., f(U) is open for all open sets U. 

(b) Let X, Y, Z be topological spaces, let f: X — Y be continuous, open and surjective, 
and let g: Y > Z. 

Then g o f is continuous if and only if g is continuous. Indeed, assume that g o f 
is continuous, and let W C Z be open. Then fo'(g7!(W)) = (go fy (W) is open, 
hence g~!(W) = tif (g7! (W))) is open; so g is continuous. The reverse implication is 
trivial. A 


The following theorem is the basic result on quotient spaces and their topologies. 
We state it without explicitly mentioning the quotient, but in the given context one can 
interpret F' as the quotient of E by kerg. 
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Theorem 7.9 

Let (E,t) be a topological vector space, F a vector space, q: E — F linear and 

surjective, and let o be the final topology on F with respect to q. 

(a) Then q is a continuous and open mapping, and (Fo) is a topological vector 
space. 

(b) The topology o is Hausdorff if and only if ker q is closed. 


Proof 
(a) Let Eo := kerg. Then for each A C E the set g~!(q(A)) is given by A + Eo. This 
implies that for open U C E the set gq~'(q(U)) = U + Ey = een, + U) is open. Now 
Remark 7.8(a) implies that q is open. 

Leta: E x E > E be addition in E, and denote by a: F x F — F addition in F; then 


qoa=ao(qxq). 


It is easy to see that g x gq: E x E > F x F is open. (Use that (gq x q)(U1 x U2) = 
q(U1) x q(U2) is open in F x F for all open sets Uj, U2 C E, and recall that the sets 
U, x U2 constitute a base of the product topology.). Therefore, the continuity of g o a and 
Remark 7.8(b) imply that a is continuous. The continuity of scalar multiplication in F can 
be proved analogously. 

(b) The topology o on F is Hausdorff if and only if F \ {0} = g(E \ ker gq) is open, and — 
because q is open — the latter holds if and only if E \ ker q is open. 


Remark 7.10 For many Banach spaces one knows rather well, or even explicitly, the dual 
space. The corresponding issue for Fréchet spaces is more involved. One of the questions 
is already what is meant by “knowing the dual space”. The best answer would always be: 
having an expression in terms of known spaces. Another answer would be to know that the 
dual space is isomorphic to a known space. 

Except for the space s, we will not look further at this problem, but rather refer to the 
treatise of Meise and Vogt [MeVo97], where a whole chapter is devoted to an exhaustive 
treatment of this issue. A 


The next (and final) topic of this chapter is to derive an alternative description of 
Fréchet spaces. To formulate this description, we define a topological space (X, T) to 
be completely metrisable if there exists a metric d inducing t and such that (X, d) is a 
complete metric space. Clearly, each Fréchet space is completely metrisable, even by a 
translation invariant metric. It should come as a surprise that the translation invariance 
is not really needed. 
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Theorem 7.11 
Let E be a completely metrisable locally convex space. Then E is a Fréchet space. 


The proof depends on Baire’s theorem, see Appendix B, and requires some further 
preparation. A subset A of a topological space X is called a G;-set if it is a countable 
intersection of open subsets of X. 


Proposition 7.12 (Sierpinski) Let (X,d) be a metric space, Y € X, and let e be a metric 
on Y such that (Y,e) is a complete metric space and such that d and e induce the same 
topology on Y. Then Y is a Gs-subset of X. 


Proof 
(1) Let n € N. Then for each y € Y there exists r,(y) € (0, 1/n) such that Ba(y, rn(y)) 9 
Y C B.(y, 1/n). (The ball Be(y, 1/n) is taken in Y, where the metric e is defined.) Then 
Gy i= User Ba(y. 'n(y)) is an open subset of (X, d); hence T := nen Gn is a Gs-subset 
of (X,d), and clearly Y CT. 

(11) Now let us show that [ C Y. Let x € I’. For every n € N there exists y, € Y such that 
X € Ba(yn, fn(n)). This implies that y, — x in (X, d). 

Let ¢ > 0; then there exists n € N such that 2/n < ¢. As d(x, yn) < rn(yn), we find 
m €N such that 


A(X, Yn) + 1/m < n(n). 
For k € N, k > m we then obtain 

A(Yks Yn) < d(Ye, xX) + A(X, Yn) < 1/k + d(x, Yn) < n(n), 
hence 

Yk © Ba(Yns Tn (Yn) OY & Be(yn, 1/n). 


For j,k €N, j,k > m we conclude that e(y;, ye) < e(yj, yn) + Cn, Yj) < 2/n Se. 

So we have shown that (y,) is a Cauchy sequence in (Y,e), and the completeness of 
(Y, e) implies that there exists y € Y such that y, — y in (Y,e). This shows that x = 
d-lim y, = e-limy, = ye Y. 


Remarks 7.13 (a) An instructive easy example for the situation in Proposition 7.12 is the 
choice X := R with the distance metric d, and Y := (0,1) with the metric e(x, y) := 
|g(x) — g(y)|, for any continuous, strictly monotonically increasing function g: (0, 1) > R 
satisfying lim,—.94 g(x) = —oo, limy—1- g(x) = oo. In this case the Gs property of Y = 
(0, 1) is trivially satisfied. 
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(b) In order to indicate more sophisticated examples we mention that it can be shown 
that on any Gs-subset Y of a complete metric space X one can find a complete metric on 
Y that is topologically equivalent to the restriction of the original metric to Y; see [Wil70, 
Theorem 24.12]. A 


Another tool we will need is a consequence of the duality of Fréchet spaces treated 
above. 


Proposition 7.14 Let E be a metrisable locally convex space. Then there exist a Fréchet 
space E. and an embedding «: E = E such that ck: E — «(E) is an isomorphism (of 
locally convex spaces), and x (E) is dense in E. 


Proof 
Let «: E — E" as in Corollary 7.6, and define E :-= «(E) “® Then E is a Fréchet space 
with the asserted properties. 


Proof of Theorem 7.11 

Let e be a metric on E inducing the topology of FE, and such that (E, e) is complete. As E 
is metrisable, there exists a Fréchet space E > Easin Proposition 7.14, with a translation 
invariant metric d inducing the topology of E. We will show that in fact E = E, which then 
proves the assertion, because on E the metrics d and e induce the same topology. 

To obtain a contradiction, suppose that E C E. For the following discussion we refer 
to Appendix B, concerning the terminology and the results. Applying Proposition 7.12 we 
conclude that E is a dense G;-set, hence a residual set in (E, d). This implies that E \Eisa 
meagre subset of (E,d). Letx € E\ E.Thenh,: E > E, y++ y+x isahomeomorphism 
mapping E to a subset of E \ E. (Indeed, y € E together with y +x € E would imply x € E.) 
This shows that h,(£), and hence E is a meagre subset of (E, d). This is a contradiction, 
because in the Baire space (E, d) a set cannot be residual and meagre simultaneously; see 


Proposition B.2. 


Notes We have adopted the notion ‘countably quasi-barrelled space’ from Khalleelula 
[Kha82]; in [Bou07a, Chap. IV, §3] such spaces are called “semi-barrelled’. Also, 
we have adopted the notion ‘cobase of bounded sets’ from [Wil78, Section 1-6, 
Exercise 106]. The terminology “DF-space’ (French: ‘espace (DF)’) was coined by 
Grothendieck [Gro54]. Obviously, ‘DF’ stands for ‘dual Fréchet’, and indeed the DF- 
space properties are essential ingredients of duals and preduals of Fréchet spaces; see 
Theorems 7.1 and 7.5. Grothendieck [Gro54, p.64] comments that the fact that dual 
spaces of DF-spaces are Fréchet spaces ‘justifie notre terminologie’. Our treatment 
follows mainly [Bou07a, Chap. IV, § 3] and [MeVo97, Section 25]. 

Motivated by Example 7.7(b), we have included some information on the topology 
of quotient spaces. 

The last part of this chapter describes Fréchet spaces as ‘completely metrisable 
locally convex spaces’; see Theorem 7.11. Our source for this — seemingly not widely 
known — fact is [Wil78, Section 4-5, Exercise 104]. The essential auxiliary fact needed 
in the proof is Proposition 7.12, due to Sierpiriski [Sie28]. 


63 


® 


Reflexivity esi 


We start by discussing semi-reflexivity and Montel spaces and present a number of 
examples of function spaces. At the end we present duality properties for reflexive 
spaces and Montel spaces. 


We recall from Chapter 3 that a locally convex space E is called semi-reflexive if 
it is Hausdorff and the canonical embedding «: E <> E" is surjective. E is called 
reflexive if additionally « is continuous, where the image space is equipped with the 
strong topology. 

From Theorems 6.7 and 6.8 we know that (£, T) is reflexive if and only if E is 
semi-reflexive and quasi-barrelled, or equivalently (because always t C B(E, E’), by 
Proposition 6.4) if and only if E is semi-reflexive, and t = B(E, E’), or equivalently 
(by Theorem 6.14), if and only if E is semi-reflexive and barrelled. 

This is the reason why in the following we will mainly discuss semi-reflexivity. 


Theorem 8.1 
Let E be a Hausdorff locally convex space. Then E is semi-reflexive if and only if every 
bounded set in E is weakly relatively compact. 


Proof 
For the necessity we note that semi-reflexivity implies that B(E’, E) = (E’, E). Therefore, 
if A C E is bounded, then A® is a w(E’, E)-neighbourhood of zero, and there exists a 
o(E, E’)-compact barrel C C E such that A° D C°. Then A C A°P° C CPP = C. 

For the sufficieny we note that the condition implies that B(E’, E) = u(E’, E), which 
in turn implies that (E’, BCE’, E))' = (E’, w(E’, E)) = E. 


Remark 8.2 Note that the condition in Theorem 8.1 is a generalisation of the known 
criterion for the reflexivity of Banach spaces. A 
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A semi-Montel space is a Hausdorff locally convex space in which every bounded 
set is relatively compact. (This terminology reminds of Montel’s theorem from complex 
analysis; see Example 8.4(d).) A Montel space is a quasi-barrelled semi-Montel space. 


Corollary 8.3 If E is a semi-Montel space, then E is semi-reflexive. If E is a Montel space, 
then E is reflexive. 


Proof 
This is obvious from Theorem 8.1. 


For use in the following example (b) we mention the notation Co({2), for the space 
of continuous functions ‘vanishing at oo’, on a Hausdorff locally compact space Q: 


Co(Q2) = {feC(Q); Ve>O54K C Qcompact: | f(x)| < ¢ (xe Q\ K)}. 
For a function f € C(Q), the support is defined by spt f := {x EQ; fw F O}. 


Examples 8.4 
(a) The space s of rapidly decreasing sequences is a Fréchet—-Montel space, i.e., a Fréchet 
space which also is semi-Montel (hence Montel, because Fréchet spaces are barrelled). 
Indeed, if (x*),cn is a bounded sequence in s, then one can choose a subsequence converging 
in each coordinate, and it is easy to show that this subsequence is convergent in s. Hence s is 
reflexive. 

(b) Let Q C R” be open and bounded. Then 


Cp (Q) = { f EC*(Q); IX f ECo(Q) (ENG)}, 
with norms 
Pm(f) = max {|]9%f loo; lal <m} (meENo, fECr(Q)), 
is a Fréchet—Montel space, therefore reflexive. 
Indeed, C5° (<2) is a Fréchet space. Also, every bounded set is relatively compact because 
of the Arzela—Ascoli theorem, and therefore the space is semi-Montel. 
A partial description of the dual is given as follows. If 1 € C>°()’, then there exist 
m € No and c > O such that |n(f)| < cpm(f) (f € C§°(2)). The mapping 


D: (CH°(Q), Pm) > Co(Qy IS Fes (BF) ccm? 


is linear and isometric, and therefore the Hahn—Banach theorem implies that there exists 
ne (Co(Qy' Jerl<m})’ such that 7 o ® = yn. The Riesz—Markov theorem (see [Rud87, 
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Theorem 2.14]) implies that there exists a family (Hee) iy ein of finite Borel measures on 
Q such that 


(8) = ye [iv dia (g = (80) ia)<m € Co(Qy'% elm). 


la|<m 


For f € C5°() this means that 


n= Dy f PF due =( viata) f 


la|<m la|<m 


where the derivatives of the measures should be interpreted in the sense of distributions. 
(Strictly speaking, the last formula would only be valid for f € Co°(), but the distributions 
can be extended by continuity to f € C5°(&2).) 

(c) Let 2 C R" be open. Then €(Q) := C®(Q), with semi-norms 


Pk m(f) = max {]9%fllx; lel <m} (K © Qcompact, mENo, f €E(Q)) 


(where || - || x denotes the sup-norm on K) is a Fréchet—Montel space, in particular reflexive. 

Let (Qx) yen be a standard exhaustion of Q, i.e., 2, is open, relatively compact in 
Qe (kK EN), and Upen Qh = Q. Define Ky := Qe (k € N). Then any compact 
subset of Q is contained in some Kx; hence the topology of €(Q) is generated by the set 
aoe kKeEeN, me No}; therefore €(Q) is metrisable, and also it is complete. (Note 
that, even though we use the standard exhaustion for the proof of the above properties, the 
topology does not depend on the choice of the exhaustion.) 

Next we sketch why €(Q2) is semi-Montel. As an intermediate step let k € No, and let 
(fj) be a sequence in €(&), sup ; {WO Fj ll Kea ;1<l< nt < oo. Then the sequence (f;) is 
bounded on K,+1 and equicontinuous on K,;, and by the Arzela—Ascoli theorem there exists 
a || - || x,-Cauchy subsequence. Now let (f;) be a bounded sequence in € (2). This means that 
sup; PK,m(fj) < 00 for all compact K € ©, m € No. Applying the previous remark and 
a suitable diagonal procedure one obtains a subsequence which is a px,m-Cauchy sequence 
for all compact K C Q,m € Ng, i.e., a Cauchy sequence, and therefore convergent in E(Q). 

(d) Let Q C C be open, H(Q) := {f: Q-C; f holomorphic}, with semi-norms 


PKC) :=I|Ifllk (Ff © H(Q), K C Q compact). 
Then H(Q) is a Fréchet—Montel space, therefore reflexive. 
The Montel property of #:(Q) is just Montel’s theorem, and for completeness we recall 


its proof. Let H C H(Q) be a bounded set. Let (Q,,) be a standard exhaustion of Q, and for 
néN let Ky := Qh. For all n € N one has 


Cn := sup {Il fllx,; f €H} <0, 
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and there exists r, > 0 such that K, + Bc[0, rn] © Kn+41. Then Cauchy’s integral formula 
for the derivative, 


; 1 fO) 
= — d ? 
F@) 271 i (C=2) ° 


implies that | f’(z)| < Cn41 (rn /2)~? for all z€ Kn + Bc(O, 1n/2), f € H, and this estimate 
shows that Hx, := { flx,; fe } is equicontinuous. From the Arzela—Ascoli theorem we 
conclude that Hx, is a relatively compact subset of C(K;). 

Now, starting with a sequence (f;,) in H we can choose a subsequence ( Si; )jen such 
that (fr; Ik) jen converges in C(K,,) for alln € N, ie., (fej ) jen is convergent in C(Q2). This 
shows that H is relatively sequentially compact in the metric space H(Q), hence relatively 
compact. 

(e) Let 2 C R” be open, 


H(Q) :={f €C°(Q); f harmonic}, 
with semi-norms 


PK(f) :=|lfllk (kK ¢ Qcompact, f € H(&)). 


We recall that harmonic means that Af = a 0; f = 0. We will explain that then H(Q) 
is a Fréchet—Montel space. 
(i) Let P := » oe|<m a a” be a partial differential operator with constant coefficients. 


Then it is easy to see that the space 
Ep(Q):={f €€(Q); Pf =0} 


is a closed subspace of €({2), therefore a Fréchet-Montel space; see Theorem 8.8(b) below. 
In the following we will sketch why H(Q) = E,(Q). 

(ii) We recall that harmonic functions f have the mean value property, i.e., if x € Q, 
r > Oare such that B[x, r] C Q, then 


1 
f@) = — f(x + ré) dS). 


On-1 JSy-\ 


We refer to [Eva98, Section 2.2.2, Theorem 2] (or any other textbook on partial differential 
equations) for this property. 

(iii) Let (Qi) pen be a standard exhaustion of Q, Kx := Qk, dy := dist(Kx, Q \ Qu), 
and let py € CS°(R"), px > 0, spt px © BO, dy), f pe(x) dx = 1, px (x) = ox (y) if |x| = Ly| 
(k EN). Then, for f € H(Q), the convolution p, * f, 


Pk * f(x) = i pr(x — y) f(y) dy, 


QI 
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is defined for x € Qx, and in fact is equal to f(x), because of the mean value property of 
f. Differentiating under the integral sign, one concludes that f is infinitely differentiable on 
Q,, and that 


af (x) =| a“ pr(x — yy) f(y)dy (x € Qk, a ENG). 
Qey1 


(iv) From (iii) it follows that, for k € N, a € Nj there exists a constant cx, such that 


O° Fk, < ckoll fli (Ff € H(Q)). 


This shows that the topology on H(Q) defined above is the topology induced by €(Q). 
Therefore the assertion follows from (i). 

(f) The Schwartz space S(R”), also called the space of rapidly decreasing functions, 
is defined by 


S(R") := {f €C°(R"); x CF II?) 9%F (x) bounded (m € No, a € NG}, 
with norms 
Pma(f) = max {(1+[x/7)"|9% f(x); x ER”, la] <k} m, kK ENo, f €S(R”)). 


It is standard to show that S(R”) is a Fréchet space. Next we show that S(IR”) is a Montel 
space. 

Let m € No, (fx) a sequence with M := sup, Pm+i,m+1(fk) < co. We show that then 
there exists a Pm,m-Cauchy subsequence. Let ¢ > 0; choose R > O such that oe <6. 
Then 


sup {(1+|x[?)"|a% fea); lal > R, lal <m} <e. 
k 


For |a| < m the set {0% f; k € N} is || - |loo-bounded and equicontinuous on B[0, R], and 
therefore, by the Arzela—Ascoli theorem, there exists a subsequence ( fx, ); such that (0% fi; ) j 
is || - ||oo-convergent on B[0, R], for all |a| < m. Repeating this argument for smaller and 
smaller ¢ and choosing suitable subsequences, we obtain a Pm ,m-Cauchy subsequence. 

If (f¢) is a bounded sequence in S(R”), then the previous procedure can be carried out 
for arbitrary m € N, yielding a Cauchy sequence in S(R”). 

We mention the remarkable fact that S(R) is isomorphic to the space s; 
see [MeVo97, Example 29.5(2)]. An analogous result for S(R”) is presented in 
[ReSi80, Theorem V.13]. A 


After these examples we come back to some further theory. 
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Theorem 8.5 
Let E be a reflexive Hausdorff locally convex space. Then the space (E', B(E', E)) is 
reflexive. 


Proof 
Let t be the topology of E. By hypothesis and Theorem 6.8, (E,t) = (E”, B(E”, E')). 
Therefore E” = (E”, B(E”, E')Y = (E, 1)’ = E’, with B(E”, E”) = B(E’, E). 


Theorem 8.6 
Let E be a Montel space. Then (E', B(E’, E)) is a Montel space. 


For the proof we need a preparation. Let E be a topological vector space. We define 
the topology t. on E’ to be the topology of compact convergence, i.e., the polar 
topology t\4, corresponding to the collection M, of compact subsets of E. 

The fact proved next is, in principle, a property of a uniformly equicontinuous set of 
functions on a uniform space; topological vector spaces are special uniform spaces. In 
fact, part of the proof is just a generalised version of the proof of the following standard 
property: If B is an equicontinuous set of functions on a compact metric space A, and 
f € B,e > O, then there exists a finite set F C A such that 


{geB; sup|g(x) — f(x) < ¢/3} C {g eB; Ig — flo < ¢}. 


xeF 


Proposition 8.7 Let E be a topological vector space, and let B © E' be equicontinuous. 
Then t 1B =o0(E', E)NB. 


Proof 
The inclusion ‘D’ follows from t, D o(E’, E). For ‘C’ it is sufficient to show: For yo € B 
and compact A, there exists a finite set F C E such that 


{ye B; sup |(x, y — yo)| < 1/3} € {y eB; sup |(x, y — yo)| < 1}. 


xeF xeA 


(This property expresses that each t,-neighbourhood in B of yo contains a suitable o (E’, E)- 
neighbourhood in B of yo.) As B is equicontinuous, there exists a balanced U € Up such that 


sup _|(x, y)| < 1/3. 


xeU, yeB 
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Due to the compactness of A, there exists a finite set F C A such that A C F + U. Now 
let y € B be such that supzep |(xX, y — yo)| < 1/3. For x € A there exists x € F such that 
x — x €U, which implies that 


K(x, y — yo)| < |x — , yl + 1%, y — yo)| + 1% — x, yo)| < 1 


hence supye, |(x, ¥ — yo)| <1. 


Proof of Theorem 8.6 
The space (E’, B(E’, E)) is reflexive, by Corollary 8.3, therefore barrelled. Let B C E’ be 
B(E’, E)-bounded, convex and closed. Theorem 6.8 implies that B is equicontinuous, there- 
fore o (E’, E)-compact (by the Alaoglu-Bourbaki theorem). Now Proposition 8.7 implies 
that B is t.-compact. Since E is a Montel space, t. M E’ = B(E’, E), and therefore B is 
B(E’, E)-compact. 


Theorem 8.8 

Let E be a locally convex space, F © E aclosed subspace. Then: 
(a) If E is semi-reflexive, then F is semi-reflexive. 

(b) Jf E is a semi-Montel space, then F is a semi-Montel space. 


Proof 
(a) is a consequence of Theorem 8.1, because o(F, F’) = o(E, E’) MN F (recall Corol- 


lary 2.16). 
(b) is obvious. 


Remark 8.9 The analogue of Theorem 8.8 with ‘reflexive’ instead of ‘semi-reflexive’ or 
‘Montel’ instead of ‘semi-Montel’ does not hold. There even exists a Montel space with 
a non-reflexive closed subspace. We refer to [Sch71, Chap. IV, Exercises 19, 20] for an 
example. A 


Notes The author was not able to trace the origins of (semi-)reflexivity and the 

(semi-)Montel property in locally convex spaces. The examples are standard in analysis. 
The isomorphy of S(R) and s, mentioned in Example 8.4(f) is due to Simon [Sim71, 
Theorem 1]. Theorem 8.6 can be found in [K6t66, VI, § 27.2], [Sch71, Chap. IV, § 5.9]. 
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Completeness com 


Completeness is a property of a topological vector space as a ‘uniform space’. We do 
not explicitly use uniform spaces but mention that the linear structure allows to define 
neighbourhoods of ‘uniform size’ for all x € E by taking the translates x + U for 
U € Ud(E). This allows to introduce the notion of Cauchy filters, and completeness 
requires Cauchy filters to be convergent. 

After some discussion on completeness and quasi-completeness, we come to 
Grothendieck’s description of the completion of a locally convex space, Corollary 9.16, 
as the main result of this chapter. 


Let E be a topological vector space, A C E. A filter F in A is called a Cauchy 
filter if for every U € Uo(E) there exists B €¢ F such that B— BCU. 

The set A C E is called complete if every Cauchy filter in A is convergent to an 
element of A, and A is called sequentially complete if every Cauchy sequence in A 
is convergent to an element of A. A sequence (x,) in E is called a Cauchy sequence 
if the elementary filter generated by the sequence is a Cauchy filter, i.e., if for each 
neighbourhood of zero U there exists no € N such that x, — x,, € U for allm,n > no. 

The space E is called quasi-complete if every closed bounded subset of E is 
complete. 


Remarks 9.1 (a) If ¥ is a filter in A, F convergent to x € A, then F is a Cauchy filter. 
(Let U be a neighbourhood of zero. Then there exists a neighbourhood of zero V such that 
V—V CU. Then (x + V)NA €F, by hypothesis, and one obtains ((x +VY)n A) = ((x + 
V)NA)OCV-VCU,) 

(b) Let F be a Cauchy filter in A, and let x € A be a cluster point of F. Then F > x. 
(Let U be a neighbourhood of zero, V a neighbourhood of zero wih V+ V CU, BEF 
with B — B C V (in particular, B C b+ V for all be B). Then BN (x 4+ V) ¥ @, and 
therefore BC BN (x + V)+VCx+V+4+VCx+U. This shows that F > x.) 

(c) If E is Hausdorff and A is complete, then A is closed. (For x € A there exists a filter 
F in A with F — x. Then F is a Cauchy filter, which is convergent in A. Then x € A, as the 
limit is unique.) 
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(d) If A is complete and B C A is relatively closed in A, then B is complete. (If F is a 
Cauchy filter in B, then ¥ is a Cauchy filter base in A, which is convergent in A. Since B is 
closed in A and B € Ff, every limit of F in A belongs to B.) 

(e) If E is a topological vector space possessing a countable neighbourhood base of zero 
(Un)nen, then E is complete if and only if EF is sequentially complete. (For the necessity let 
(Xn) be a Cauchy sequence, i.e., the collection {{xk: k>n};neN } is a Cauchy filter base, 
and a limit of this filter base is also a limit of the sequence. For the sufficiency let F be a 
Cauchy filter. Then there exists a decreasing sequence (B,), in F, Bn — Bn C Un 1 EN). 
For n € N choose x, € By. Then (x;,) is a Cauchy sequence, which by hypothesis converges, 
Xy, — x. It is easy to see that then x is a cluster point of *, and therefore F — x, because 
F is a Cauchy filter.) 

(f) Let E be a metrisable locally convex space, and let d be a translation invariant metric 
on £ inducing the topology. Then E is complete if and only if the metric space (E, d) 
is complete (i.e., E is a Fréchet space). This follows immediately from (e) above and the 
property that (By (0, 1/n))nen is a countable neighbourhood base of zero. 

(g) Let E, F be topological vector spaces, u: E — F linear and continuous, and let F 
be a Cauchy filter in E. Then fil(u(F)) is a Cauchy filter in F. (If V is a neighbourhood of 
zero in F, then u—!(V) isa neighbourhood of zero in E. Therefore, there exists A € F such 
that A— A C u7!(V), and this implies that u(A) — u(A) C u(u7!(V)) C V.) A 


Theorem 9.2 

Let E be a Hausdorff topological vector space. Then there exist a complete Hausdorff 
topological vector space E such that E is isomorphic to a dense subspace of E. The 
space E is unique up to isomorphism and is called the completion of E. 


We will not prove the existence, but rather refer to [Hor66, Chap. 2, § 9, Theorem 1] 
or [Sch71, Chap. I, § 1.5] for a proof. For locally convex space s we will give a proof 
later in this chapter. However, we will prove the uniqueness, and for this property we 
need the following preparations. The first of these is a fundamental fact from topology. 


Proposition 9.3 Let X and Y be topological spaces, Y Hausdorff and regular. Let Xo C X 
be a dense subset, uo: Xo — Y continuous, and suppose that for each x € X \ Xo the limit 
u(x) := limy.x, yexy Uo(y) exists. On Xo define u := uo. Then u is the unique continuous 
extension of uo to X. 


Recall that regular means that every point y € Y has a neighbourhood base 
consisting of closed sets. The existence of limy_,, <x, ¥o(y) means that the image 
filter base up(U,, MN Xo) is convergent, where 7/, is the neighbourhood filter of x, and 
un Xo = {U NX9; UE Us}. The limit is unique because Y is Hausdorff. 
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Proof of Proposition 9.3 
Concerning the uniqueness, assume that uw and @ are continuous extensions of ug. Then the 
set {x EX; u(x) = ii(x)} is closed (because the diagonal of Y x Y is closed) and contains 
Xo, hence is equal to X. 

To show the continuity of u, let x € X, and let V be a closed neighbourhood 
of u(x). By hypothesis, there exists an open neighbourhood U of x such that 
uo(U NM Xo) C V. Then U is a neighbourhood of each of its points z; hence, 
u(z) = limy.z yeunx, uo(y) € u(UN Xo) © V = V. This shows that u(U) C V 
and proves the continuity of u at x. 


Proposition 9.4 Let E and F be topological vector spaces, Ey © E a dense subspace, F 
Hausdorff and complete, and let up: Eo — F be a continuous linear mapping. Then there 
exists a unique continuous extension u: E — F of uo, and u is linear. 


Proof 
Note that F is regular, because the closed neighbourhoods of zero in F form a neighbourhood 
base of zero. Let Uo be the neighbourhood filter of zero in E, and let x € FE \ Eo. Then 


Fx := (x + Uo) N Eo = {(x + U)N Ep; UE Uo} 
is a filter in Ep converging to x, hence a Cauchy filter. This implies that uo(F;.) is a Cauchy 
filter base in F', hence convergent. Now Proposition 9.3 yields the existence and uniqueness 


of the continuous extension u of uo. 
In order to show the linearity of u we let A € K and note that the set 


{(, yh€ EX FE; uQx+y) =dAu(x) + u(y)} 


is a closed subset of E x E and contains the dense subset Ey x Eg, hence is equal to 
EXE. 


Proof of the uniqueness in Theorem 9.2 

Assume that £ and E are completions, with embeddings jp: E © E, jy: EO E. 
Interpreting, for the moment, E as a subspace of E, we conclude from Proposition 9.4 that jo 
extends uniquely to 7: E > E. Similarly, jo extends to j: E > E. As j © J is continuous, 
and is the identity on E, it follows that 7 o 7 is the identity on E; hence 7: E > E is an 


isomorphism. 


The next part of the chapter serves to collect miscellaneous properties concerning 
completeness. 


Proposition 9.5 

(a) Let (E,).e; be a family of topological vector spaces, and assume that E, is (quasi-) 
complete for allt € 1. Then E := |] ,<; E, is (quasi-)complete. 

(b) Let I be aset. Then K' is complete. 

(c) Let E be a vector space. Then (E*,o(E*, E)) is complete. 
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Proof 
(a) for ‘complete’: Let F be a Cauchy filter in E. Then pr,(F) is a Cauchy filter base in 
E,, convergent to x, («€ 17). Then F > (%)ier € E, by Proposition 4.6. The proof for 
‘quasi-complete’ is analogous; observe that, for a bounded set B C E the images pr,(B) are 
bounded (1 € J). 

(b) is a direct consequence of (a). 

(c) Recall that E* is a closed subset of K® (Lemma 4.8) and that o(E£*, E) is the 
restriction of the product topology to E*. 


Besides being of interest in its own right, the following result serves to prepare the 
presentation of examples of quasi-complete spaces which are not complete. 


Lemma 9.6 Let E be a barrelled locally convex space. Then (E’,o(E', E)) is quasi- 
complete. 


Proof 

Let B C E’ be o (E’, E)-bounded and closed. Then B is equicontinuous (Theorem 6.14), 
i.e., there exists U € Uo(E) such that B C U®. By the Alaoglu-Bourbaki theorem, U° is 
o(E’, E)-compact, and therefore complete. (If F is a Cauchy filter in U°, F afiner ultrafilter, 
then F is convergent, F — x; therefore x is a cluster point of ¥, F — x.) This implies that 


B is complete. 


Examples 9.7 
(a) Let E be a Hausdorff locally convex space, and assume that there exists a linear subspace 
which is not closed. Then the dual pair (E, E’) is separating in E, and passing to the dual 
pair (E, E*), we note that Corollary 2.10 implies that E’ is o(E*, E)-dense in E*. It is not 
difficult to show that under the above hypotheses E’ # E*, and therefore (E’, 0 (E’, E)) is 
not complete. 

(b) Let E be an infinite-dimensional Banach space. Then (E’,0(E’, E)) is quasi- 
complete, by Lemma 9.6, but part (a) shows that (E’, 0 (E’, E)) is not complete. Indeed, 
it follows from Baire’s theorem that countably infinite-dimensional subspaces of E 
are not closed. A 


The following result presents an interesting and surprising interplay concerning 
completeness in different topologies. It will be important and applied repeatedly in 
Chapter 14. 


Theorem 9.8 

Let E be a vector space, let a © t be two linear topologies on E, and assume that t 
has a neighbourhood base of zero U consisting of o-closed sets. 

(a) Let F be a t-Cauchy filter, x € E, F +, x. Then F > x. 

(b) Let A C E be o-complete. Then A is also t-complete. 
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Proof 

(a) Let U € U. There exists B € F such that B — B C U. For y, z € B one therefore has 
y —z€U, and as U is o-closed one obtains y — x € U. This implies that B C x + U, and 
therefore F x. 


(b) This is clear from (a), because every t-Cauchy filter is a o-Cauchy filter. 


The analogous result also holds for the ‘sequential setup’, with ‘closed’ replaced 
by ‘sequentially closed’, “Cauchy filter’ by “Cauchy sequence’, and ‘complete’ by 
“sequentially complete’. 


Example 9.9 
Let | < p < oo. On £, let t be the norm topology, and let o be the restriction of the product 
topology on KN. 

The closed unit ball Be, is easily seen to be sequentially o-closed and sequentially o- 
complete. Therefore the sequential version of Theorem 9.8 is applicable, and part (b) yields 
that Be » (and therefore £,) is complete. 

This (seemingly complicated) proof of the completeness of £, is nothing but an abstract 
version of the usual proof of the completeness of £p. A 


The next aim is to prove the following result. 


Theorem 9.10 
Let E be a quasi-complete locally convex space. Then every o (E’, E)-bounded subset 
of E' is B(E', E)-bounded, i.e., Bg = Bg, in the terminology of the end of Chapter 6. 


Before we start with the preparations for the proof we mention a consequence of this 
result. 


Corollary 9.11 Let E be a quasi-complete quasi-barrelled locally convex space. Then E is 
barrelled. 


Proof 
We will use the terminology of the end of Chapter 6. The fact that E is quasi-barrelled is 
equivalent to € = Bg (Theorem 6.8), whereas the quasi-completeness implies that Bg = Bo 
(Theorem 9.10). Putting this together we conclude that € = B, which is equivalent to E 
being barrelled (Theorem 6.14). 


Let (E, tT) be a locally convex space, and let B C E be absolutely convex, bounded 
and closed. Define 


E; i= a nB =linB, 
neN 


with semi-norm pz. Then (Ez, pg) — (E, T) is continuous (because B is bounded). 
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If pz is a norm and (Eg, pz) is a Banach space, then B is called a Banach disc. 
Note that pz is a norm if E is Hausdorff. 


Lemma 9.12 Let E be a locally convex space, and let B © E be absolutely convex, 
bounded, closed and sequentially complete. 

(a) Then (Eg, pp) is complete. In particular, if pp is a norm, then B is a Banach disc. 

(b) Let DC E bea barrel. Then D absorbs B. 


Proof 
(a) follows from the ‘sequential version’ of Theorem 9.8, applied to Eg, withog, := TO EB, 
TE, ‘= Tp,- The conclusion is that the ball B = {x € Ep; pa(x) < 1} is pp-complete. 

(b) (EB, ppg) is semi-normed and complete, therefore a Baire space (see Appendix B), 
hence barrelled (Theorem 6.9). The set DM Eg is a barrel in (Eg, pg), therefore a 
neighbourhood of zero, and therefore absorbs B. 


Proof of Theorem 9.10 
Let B C E' be o (E’, E)-bounded. Then B® is a barrel. If A C E is bounded, then A°° = 
aco A is closed and bounded, and therefore complete, by hypothesis. Then Lemma 9.12(b) 
implies that B° absorbs A°°, and therefore B C B®°° is absorbed by (A°°)° = A®. This 
shows that B is B(E’, E)-bounded. 


With the following theorem we start the proof of the existence of the completion of 
a locally convex space; in fact, this theorem is the main ingredient of the proof and also 
provides a description of the completion. 


Theorem 9.13 (Grothendieck) 
Let E be a Hausdorff locally convex space. Let M be a directed covering of E, 
consisting of bounded, closed, absolutely convex sets. Let 


F := {ue E*; ul, continuous (Ae M)}. 


Then M can be used to define a polar topology on F in the dual pair (E, F), and 
(F, tM) is a completion of (E', ty). 


For the proof we need several preparations. 


Lemma 9.14 Let E be a Hausdorff locally convex space, and let A C E be absolutely 
convex and closed. Let u € E*, u|,4 continuous at 0, and let ¢ > 0. Then there exists x’ € E’ 
such that |u(x) — (x, x’)| < (x € A). 


Proof 
It is clearly sufficient to show this for ¢ = 1. 
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The continuity of u|, at 0 implies that there exists an absolutely convex closed 
neighbourhood of zero U © E such that |u(x)| < 1 (x € ANU). The polar U® (taken in the 
dual pair (E, E*)) is a subset of E’, o(E*, E)-compact (by the Alaoglu-Bourbaki theorem) 
and absolutely convex. Therefore Lemma 7.3(b) implies that A® + U® is o(E*, E)-closed. 
Evidently, A® + U® is also absolutely convex, and therefore A® + U® = (A® + U®)®®, by 
the bipolar theorem. Now, 


wE(ANU)*® =(a**nh* = cat urs) emer =4° 27". 
(In the second equality we have used Remark 3.3(c).) 


This shows that there exist w €¢ A®, x’ © U® C E’ such that uv = w +x’, and this implies 
ju(x) — x'(x)| = |w(x)| < 1 forall x € A. 


Lemma 9.15 Let X be a topological space, S C P(X). Then the space 
Cyo(X, S) := he X — K; f|, bounded and continuous (A eS)}, 
with the semi-norms pa, 


PA(f) = sup Lf) (f €Cy(X, 5), AES) 
xE 


is complete. 


Proof 

Without loss of generality we may assume that |) S = X. 
For A € S the space Cy(A) (bounded continuous functions with sup-norm) is complete. 

Let F be a Cauchy filter in Cp(X, S). Then for A € S the image filter F4 in Cy(A) under 

the mapping f +> f|, is a Cauchy filter, therefore convergent. This implies that there exists 

g € Cp(X, S) such that F — g. (Observe that for A, B € S with AN B ¥ @ the limits 

8A, 2B Of Fa, Fz coincide on AM B. Also, recall Proposition 4.6(b).) 


Proof of Theorem 9.13 
We work in the dual pair (E, F). 
First we show that M C B, (E, F) (which makes it clear that M defines a polar topology 
on F). Let Ae M,u € F. There exists U € Uo(E) such that |u(x)| < 1 (x Ee ANU). Also, 
AA C U for suitable A € (0, 1] (because A is bounded). For x € A it follows that Ax € ANU, 
ju(x)| < i Therefore A is o(E, F’)-bounded. 
From Lemma 9.14 one concludes that E’ is dense in F’. (Recall that M is directed. This 
implies that U/ := {eBa, ; AEM, &> o} is a neighbourhood base of zero for T,y.) 
Finally, (F,t,,) is complete: Cpy(Z,M) is complete, by Lemma 9.15, and 
id: C\(E, M) © K® is continuous (with the product topology on K£). Moreover E* 
is a closed subspace of K (Lemma 4.8). This shows that F = Cy(E, M) / E* is closed in 
Cy(E, M), hence complete. 
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Corollary 9.16 (Grothendieck) Let E be a Hausdorff locally convex space, and recall the 
notation E = {B CE': B equicontinuous}. Then 


E:= {ue E™; ulg o(E’, E)-continuous (B € €)}, 


with the polar topology tg, is a completion of E. In particular, E is complete if and only if 
Bad, 


Proof 
This is obtained by applying Theorem 9.13 to (E’, o(E’, E)) and M := {u° ;UeE Uo(E)}. 
Then (E’, 0 (E’, E))’ = E, and ty = Te is the original topology on E. 


Remark 9.17 If one is just interested in the existence of a completion of a Hausdorff locally 
convex space E, one can proceed by a reduced method as follows. We only sketch this 
procedure and refer to [MeVo97, Proposition 22.21] for more details. 

With a neighbourhood base of zero U/ in E one equips 


E™* := {u € E™; ulyo bounded (U €U)} 
with the semi-norms gyo, 
quo (u) = sup {|(u, y)|; ye US} (uc E™, VEU). 


Then E € E”™ isomorphically, in the natural way, and E™ is complete; hence a completion 
of E is obtained as E := Ez” : A 


Corollary 9.18 (Banach) Let E be a Banach space, and let u € E™ be o (E', E)-continuous 
on Bry (the closed unit ball of E'). Then u belongs to E. 


Proof 
By hypothesis, u is o(E’, E)-continuous on all equicontinuous sets B C E’. Applying 


Corollary 9.16 and using that E is complete one obtains u € E. 


We conclude this chapter with a result on the completeness of dual spaces. 


Theorem 9.19 
Let E be a bornological locally convex space. Then (E’, B(E’, E)) is complete. 


We need preparations for the proof. 


Lemma 9.20 Let E be a topological vector space. Then a set B © E is bounded if and 
only if, for every sequence (Xn)nen in B and every null sequence (An)nen in K, the sequence 
(nXn)nen ts a null sequence. 
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Proof 
For the necessity, let (x,,) and (A,,) be as assumed above, and let U € Up. There exist ¢ > 0 
such that AB C U for |A| < €,n9 € N such that |A,| < ¢ (n > no). Then Ayxp € U (n > no). 

For the sufficiency, assume that B is not bounded. Then there exists U € Uo such that 
B ZnU (néN). With x, € B \ nU one obtains 4x, ¢ U (n EN), 4xn & O. 


> n 


Lemma 9.21 Let E, F be locally convex spaces, u: E — F linear, B © E bounded and 
absolutely convex, u|p continuous at 0. Then u(B) is bounded. 


Proof 
Let (x,) be a sequence in B, (A,,) a null sequence in K. Then d,,x, € B for large n, Anx, > 
0 by Lemma 9.20, and by hypothesis 4,u(xXn) = U(An%,) > O(n — oo). Therefore 
Lemma 9.20 implies that u(B) is bounded. 


Remark 9.22 In Lemma 9.21 (as well as in Lemma 9.14) a linear mapping u was used 
whose restriction to an absolutely convex set is continuous at 0. It can be shown that the 
continuity at 0 is equivalent to the continuity on the whole absolutely convex set; cf. [Hor66, 
Chap. 3, § 11, Lemma 1]. A 


Proof of Theorem 9.19 
We apply Theorem 9.13 with 


M := {A Cc E; A bounded, closed, absolutely convex }; 


then tx, = B(E’, E). 

Let u € E*, ul, continuous for all A €¢ M. By Lemma 9.21, u(A) is bounded for all 
A € M, and therefore Proposition 6.18 implies that u is continuous, i.e., u € E’. Now 
Theorem 9.13 implies that (E’, B(E’, E)) is complete. 


Remark 9.23 As metrisable locally convex spaces are bornological, Theorem 9.19 implies 
that the duals of the following spaces are complete: Cj°(Q), E(Q), for open Q C R", S(R"), 
and C(X), for o-compact Hausdorff locally compact spaces X. A 


Notes The material of this chapter, up to Lemma 9.12, is rather standard; Proposi- 
tion 9.3 is from [Bou07c, Chap. I, § 8.5, Théoréme 1, p. 1.57]. Theorem 9.8 is an 
interesting result which can be used to prove completeness of a set if completeness is 
known in a finer topology; its counterpart for uniform spaces can be found in [Bou07c, 
Chap. II, § 3.3, Proposition 7 and Corollaire]. Theorem 9.13 and Corollary 9.16 are due 
to Grothendieck [Gro50]. Following Horvath [Hor66, Chap. 3, § 11, Corollary 4], the 
author attributes Corollary 9.18 to Banach, although he did not find a direct reference to 
this result in Banach’s publications. However, we will show in Remark 12.3 that it is an 
immediate consequence of another result of Banach’s. 
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Locally Convex Final Topology, 
Topology of D(Q) 


The topic of this chapter is of interest because of its applications to function spaces 
occurring in partial differential equations. In particular, we describe a neighbourhood 
base of zero for the space D(Q) of ‘test functions’. A further highlight is Kéthe’s 
theorem on completeness, Theorem 10.18, which implies that D(2) is complete. 


Let Q C R” be an open set. Then we define the space of test functions 
D(Q) = CHX(Q) = {f €C™~(Q); spt f compact}. 
For compact K C Q we define 
Dx(Q) := {f €D(Q); spt f SK} (= CHK), 


a Fréchet space (whose topology we denote by tx.) The topology of D(Q) will be 
defined as the finest locally convex topology for which all the embeddings Dx (Q) @ 
D(Q) are continuous. 


Theorem 10.1 

Let E be a vector space, (X.,T)ier a family of topological spaces, f,: X, > E 

(el). 

(a) Then there exists a finest linear (resp. locally convex) topology t on E, for which 
all the mappings f,: (X.,%) — (E,T) are continuous. t is called the linear 
(resp., locally convex) final topology. 

(b) If (F,©) is a topological vector space (resp. locally convex space) and g: E > 
F is a linear mapping, then g: (E,t) — (F,©) is continuous if and only if 
go fi: (Xi, 1) > (F, ©) is continuous for alli € I. 


© Springer Nature Switzerland AG 2020 
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Proof 
(a) Let I’ be the set of all linear (resp. locally convex) topologies on FE, for which all f, are 
continuous; note that [ # @ because {@, E} € T. Then Theorem 1.5 implies that 


= top|_J rT, 


the initial topology with respect to the family (id: E — (E,0)) er, isa linear (resp. locally 
convex) topology on E. Also, fi: (X., ™%) — (E,T) is continuous (u € 1), by Theorem 1.2; 
therefore, t ET. 

(b) The necessity of the condition is obvious. To show the sufficiency, let t’ be the initial 
topology on E with respect to g. Then Theorem 1.2 implies that f,: (X,,%) > (E, 1’) is 


continuous, for all. € J. Therefore t’ €, t D t’,ie., g: (E, t) > (F, oc) is continuous. 


Now, in view of Theorem 10.1 we can define the topology tp of D(Q) as the 
locally convex final topology with respect to the family of mappings (Dx (Q) — 
DQ) cee compact’ 

Corollary 10.2 Let Q C R” be open, u: D(Q) —> K linear. Then the following properties 
are equivalent: 
(i) u is continuous; 
(ii) Ul Dx (a) iS continuous for all compact K © Q; 
(iii) for each sequence (fx) in D(Q) such that zen spt fx is relatively compact, and such 
that 0° f, > 0 (k — ©) uniformly on Q, for all a € NG, one has u( fx) > 0 
(k + oo). 


Proof 

‘(i) & (ii)’ is a consequence of Theorem 10.1(b). 
(ii) < (iii). This holds because the convergence stated in (iii) is just the convergence of 

(fx) to 0 in Dx(Q), for compact K D Uken spt fx. Since Dx (Q) is a metric space, the 

property described in (iii) is just the continuity of u|p,.(q) (at 0). 


Remark 10.3 In the ‘theory of distributions without topology’ one uses condition (iii) of 
Corollary 10.2 as the ‘continuity condition’. D(Q)’ is the space of distributions on Q. The 
conditions of Corollary 10.2 are further equivalent to 


(iv) for all compact K C Q there exist m € No and c > 0 such that 


ju(f)| < emax {||8% flloos lal <m} (fe Dx(Q)). 


It is obvious that (iv) is equivalent to (ii). A 
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Let E bea vector space, J a directed ordered index set, (E,),<; a family of subspaces 
of LE, E, C E, fort < Kk, E = Laas E,. For. € TI let t, be a locally convex topology 
on E,, and fori < xk let E, <> E, be continuous. Let t be the locally convex final 
topology on E with respect to (E,,t,) <> E (1e€/). Then (E£, T) is called a locally 
convex inductive limit. The inductive limit is called strict if t, = 1, 9 E, fort < x. 

If (E, 7) is a locally convex inductive limit of a sequence of Banach spaces or 
of a sequence of Fréchet spaces, then (F, tT) is called an LB-space or an LF-space, 
respectively. 


Examples 10.4 
(a) D(Q) is a strict LF-space: If (Qx)xen is a standard exhaustion of Q and Kz := Qk 
(k € N), then D(Q2) is the strict locally convex inductive limit of (Dx, (2), TK, ken. (Note 
that the topology on D(Q) does not depend on the choice of the standard exhaustion.) 

(b) For m € No, 2 C R” open, the space 


D"(Q) = C2(Q) := {f €C"(Q); spt f compact}. 


is a strict LB-space. (Here it is understood that C’(Q) denotes the set of m-times 
continuously differentiable functions, and that the topology on C2" (2) is defined analogously 
to the topology on Cf? (Q).) 

(c) Let Q be a Hausdorff locally compact space. Then C.(Q), with the topology as in (b), 
for m = 0, is the strict inductive limit of ((Co(K), II - lloo)) KER compact. If 22 is o-compact, 
then C,(Q2) is a strict LB-space. 

(d) Let J be a set. Then co(J) = C.(/) corresponding to (c), with the discrete topology 
on J, is a strict inductive limit. It is easy to see that c.(/)’ = K/. (Recall Example 1.7(c).) 

(e) Let E := H({0}) be the space of germs of holomorphic functions near 0. Then 
((Hy(B(O, +)), || - lloo)) nen is an ‘inductive spectrum’ for a locally convex inductive limit 
topology t on E. In this case (E, 17) is an LB-space, but the inductive limit is not strict. 
However, here the mappings id: Hp(B(0, +)) => Hpy(BO, —)) are compact (n € N), 
which makes EF a ‘Silva space’. We refer to [Seb50], [Bar85, Definition 34.1] for more 


information. A 


Theorem 10.5 
Let E be a vector space, (E,),<1 a family of topological vector spaces, f,: E, > E 
linear (u € I), t the locally convex final topology on E. 
(a) Then 
ee {U C E; U absolutely convex, absorbing, a) EUd(E,) WE 1)} 


is a neighbourhood base of zero for T. 


(Continued ) 
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Theorem 10.5 (continued) 
(b) Suppose additionally that E = lin ( Uber HC) and for eacht€ I let U, bea 
neighbourhood base of zero in E,. Then 


u:= {aco (U,er f.(U,)); U, eu, el} 


is a neighbourhood base of zero for T. 


Proof 

(a) Let U € Uo(T) be absolutely convex. Then obviously U € U. 
It remains to show that U C U(r). Let U € U. Then (E, py) is locally convex, and 

Si: E, ~ (E, pu) is continuous for all 1 ¢ J. This implies that t > Tp,,, hence U € U(r). 
(b) If U = aco (Uc; f.(U.)) € U, then f-1U) 2 U, € U(E) ( € 1). Also, U is 

absorbing, because for x € E there exist a finite set J C J and x, € E, (« € J) such that 

x = Ye; fi(%), which implies that x is absorbed by U,<, fi(U.). This shows that U € U. 
On the other hand, if U € U, then for all « € J there exists U, € U, such that U, C 

fo (U), and evidently U > aco ( Uler (GD). 


Remark 10.6 We refer to [Bou07a, Chap. II, § 4, Exerc. 15] for an example where the 
linear final topology of a family of locally convex spaces is not locally convex. However, in 
[Bou07a, Chap. II, § 4, Exerc. 14] the reader is asked to show that the ‘strict linear inductive 
limit’ of an increasing sequence of locally convex spaces is automatically locally convex. A 


Before entering the more detailed discussion of properties of strict inductive limits 
we first finish the story concerning the duality of the sequence spaces s and f. 


Example 10.7 
Resuming Example 7.7(a) we recall the “norm” qy, : KX = [0, oo], GY) = SUP, en Yn In-*, 
giving rise to the weighted €,.-space 


th = loo((n new) = {y KN; ge(y) < on}. 
Then t = Ukeny t,, the embeddings (t;,q;) <> (tk, qx), forO < j < k, are continuous, 


and we define the corresponding locally convex inductive limit topology t on t. Applying 
Theorem 10.5(b), for each ¢ € (0, 00) we obtain a t-neighbourhood of zero 


U, := aco ( Uzeny Ba, (0, ex]), 


and these U, constitute a neighbourhood base of zero for t when ¢ runs through (0, oo)N, 
Comparing this neighbourhood base of zero with the neighbourhood base of zero for A(t, s) 
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obtained in Example 7.7(a), one concludes immediately that 6(t,s) C t. (To make this 
explicit, the neighbourhoods of zero described in Example 7.7(a) are the o (t, s)-closures of 
the neighbourhoods described above.) Recalling from Example 8.4(a) that s is reflexive, we 
know that (t, B(t,s))’ = s. Hence, to verify that B(t,s) = t (i.e., that A(t, s) is indeed 
the locally convex inductive limit topology on ft) it now suffices to show that (t, 7)’ = s. 
This is what we will show now, and this will finish our discussion of the rapidly decreasing 
sequences s. 

Defining 


tro = {y €KN; lim [ynin* =0} = KENo), 
n->oo 


we obtain closed subspaces of t, satisfying tho C te © tr+1,0 (k € No), and clearly 
the topology t on ¢ is also the inductive limit topology defined by the representation 
i= Uneny tz,9. Assume that n € (t, tT)’. Then for all k € N, the functional n belongs to 
tho» and using the duality cf) = 1 (and suitable isomorphisms between weighted co- and 
£,-spaces, as in Example 2.19(c)) we conclude that there exists a sequence (xn) € KN such 
that px (x) < oo. This sequence does not depend on k, and hence x Es. 

Having accomplished the aim to find the strong dual of s as the space t with the inductive 
limit topology, we want to comment on the DF-space properties of t. From Theorem 10.14, 
proved below, it follows that t is barrelled, a fortiori countably quasi-barrelled. The other 
property is that ¢ should contain a countable cobase of bounded sets. If B C t is a bounded 
set, then there exists k € No such that B C t,. We leave this as an exercise to the reader. 
(This kind of property will be proved in Theorem 10.8(c) for a rather different setting.) 
Accepting this property, we obtain the sequence (Ba, (0, k)) zen 28 a countable cobase of 
bounded sets. A 


Now we come to the description of fundamental properties of strict inductive limits. 


Theorem 10.8 (Dieudonné-Schwartz) 

Let (E,t) be a strict locally convex inductive limit of an increasing sequence 

(Ga as of locally convex subspaces. 

(a) Thent OVE, = Tt (n€EN),. 

(b) Jfall E,, are Hausdorff, then E is Hausdorff. 

(c) Assume that Ey, is closed in En4, for alln € N. Then a set B C E is t-bounded 
if and only if there exists n € N such that B © Ey, and B is t,-bounded. 


The following lemma is a preparation for the proof. 


Lemma 10.9 Let E be a locally convex space, F © E a subspace, V € Uo(F) absolutely 
convex. Then there exists U € Uo(E) absolutely convex such that V = U  F. If xo € E \ F, 
then one can choose U such that xo ¢ U. 
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Proof 
There exists U € Uo(E) absolutely convex such that UNF C V. Then U := co(U UV) is 
absolutely convex (because UUV is balanced), andUQF = V.(Ifxe U, yeV,0<t<l, 
(l—t)x+tye F,thenxe FOU CV,(1—t)x+tyeV,) 

If xo ¢ F, then one can choose U such that (xo + U )N F = ©. Then xo ¢ U, because 
from x9 = (1—t)x+ty one would obtain x9 — (1—1t)x € FA(xo-(1—1)U) = FA(x0+U), 
which is a contradiction. 


Proof of Theorem 10.8 
(a) ‘C’ holds because E,, <> E is continuous. 

‘D>’ Letn EN, and let U,, € Uo(E,,) be absolutely convex. Lemma 10.9 implies that there 
exists a sequence (Ux) xn, Ux € Uo( Ex) absolutely convex, Uz = Ug41 1 Ex (k =n). Then 
Theorem 10.5(a) implies that U := issn U; € Up(E). Also, one has U, = UN Ey. 

(b) Let x € E, x 4 0. There exists n € N such that x € E,,. As t, is Hausdorff, there 
exists an absolutely convex U, € Up(E,) such that x ¢ U,. By Lemma 10.9, there exists 
U €Uo(E) such that U, = UN Ey, which implies that x ¢ U. 

(c) The sufficiency is clear from the fact that the continuous linear image of a bounded 
set is bounded. 

To prove the necessity by contradiction, assume that B C E is such that B Z E, (ne€N). 
Then there exists a sequence (x,) in B,n, < nz <---, such that x, € En,,, \ En, (k €N). 
Lemma 10.9 implies that there exist a sequence (Uz), Ux € Uo(En,) absolutely convex, 
Up = Uni ON Ens rxk ¢ Ups. Then U := Uken Ux € Uo(E) by Theorem 10.5(a), but 
xz ¢ kU (k EN). This shows that B is not bounded. 

As a consequence, if B is bounded, then there exists n € N such that B C E,,, and then 


the relation t, = tM E,, implies that B is bounded in E,,. 


Applying Theorem 10.8 we obtain properties of D(Q). 


Corollary 10.10 Let B C D(Q). Then B is tp-bounded if and only if there exists a 
compact set K © Q such that spt f © K for all f € B, and for all a € No one has 
sup rep ll3% floc < 00. 


Corollary 10.11 Let @ 4 Q C R" be open. Then D(Q) is not metrisable. 


Proof 
Assume that D(Q) is metrisable. Then there exists a decreasing neighbourhood base of zero 
(Ux) ken. Let (Q,) be a standard exhaustion of Q. For all k € N there exists f; € Ux such that 
spt fx N Q, = @. Then { fi ;keEN } is bounded, by construction. This, however, contradicts 
Corollary 10.10. 


The following description of a neighbourhood base of zero could already have 
been given after Theorem 10.5 (but was postponed in favour of the more structural 
information given previously). 
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Theorem 10.12 (Schwartz) 
Let (Qx) be a standard exhaustion of Q, Qo := @. For sequences m = (mk)keNo in 
No and € = (€k)keNy in (0, ©) we define 


U(m, €) := () {feDQ); sup |a% f(x)| z ex}. 
keNo XEQ, |a| my 


Then 
U := {U(m, €); m EN, €€(0, oo) Na} 


is a neighbourhood base of zero for tp. 


In the proof we will need a partition of unity, whose existence is the issue of the 
following lemma. 


Lemma 10.13 Let (U,,) be a locally finite open covering of Q by relatively compact sets. 
Then there exists a sequence (%p) in D(Q) such that @m > 0, sptg@n C Um (m € N), 
men Gm = 1 (where the last sum is a ‘locally finite sum’). 


Proof 
Let (Q;) be a standard exhaustion of Q, Qo := @. 

For x € Q there exist m € N, ry > 0 such that B(x, 27.) C Uj). There exist a sequence 
(xj) as well as indices 0 = jg < ji) < jz <--- such that 


Jk+1 
Qt \ 2% LJ) BE;.r;) (kENo), 
J= it 


(Qe \ 2) BEAD Get+1 <7 < jess, KEN). 


For j EN let y; € D(X), spt yj; = Blxj. 1x; 1, wi) >O0Wwe B(xj.1x;))- For m € N we 
define 


Om 2= bs Wij 


JEN: BOxj,2ry )SUm 


(finite sum, because Um © Qx for large k; therefore B(x;, 2rx i C Un is only possible for 
i < jx). Then Gm € D(Q), Gn > 0, sptGm C Um (mM EN), @ = View Gm € CP(Q) 
(locally finite sum!), g(x) > 0 (x € Q). With 


Ym 1= (méN) 


63 


one obtains the assertions. 
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Proof of Theorem 10.12 
We denote Ky := Qy (kK EN). 

(i) First we show that U/ C Uo(tp). If U € U, then U is absolutely convex, absorbing, 
and U 1 Dx,(Q) is a neighbourhood of zero in Dx, (Q), for all k € N. Theorem 10.5(a) 
implies that U € Uo(tp). 

(ii) Now we show that U/ is a neighbourhood base of zero. Let W € Uo(tp) be absolutely 
convex. Then for k € No the set WM Dx, (Q) is a neighbourhood of zero in Dx, (2), and 
therefore there exist m, € No and 5, > O such that 


{f €Dky,.(Q)s Pm (F) < de} CW 


(where pm is defined by pm(f) := sup{||0% f lloo; la] < m}). We note that (Qx+2 \ Kk)keNo 
is a locally finite open covering of Q. Using Lemma 10.13 we obtain a subordinate partition 


of unity (gx). 
Each f € D(Q) can be written as 


(in fact a finite sum!). If 2'+! g f € W for all k, then also f € W, because W is absolutely 
convex. 
For k € No there exists cy > O such that 


Pingo EF) Sep sup la fix) (f eD(Q)). 


XENK42\ Kx, |e | <m 


Set ex := dx /cx (k ENo). 
If f € U(m, ), then one obtains 


Pmt gf) < ck = sup, 8 F(X) < cree = 5k 
x€Kx,|a| <img 


therefore, atl oy Ff e€ W (kENo), hence f € W. This shows that U(m, €) C W. 


Theorem 10.14 

Let E be a vector space, (E,):<e1 a family of locally convex spaces, f,: E, > E linear, 
and let E carry the locally convex final topology. 

Assume that all E, are barrelled/quasi-barrelled/bornological. Then E is barrelled/ 
quasi-barrelled/bornological. 
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Proof 
First note that, if U C E is a barrel, f |W) is a barrel in E, (¢€ J). 

Also note that, if U C E is absolutely convex and bornivorous, then fo! (U) is absolutely 
convex and bornivorous (1 € 7). (Recall that the image of a bounded set under a continuous 
linear mapping is bounded.) 

In view of these statements and Theorem 10.5(a), the proof of the three assertions is 


straightforward. 


Corollary 10.15 (D(Q)’, B(D(Q)’, D(Q))) is complete. 


Proof 
D(Q) is bornological by Theorem 10.14 and Proposition 6.11; therefore, Theorem 9.19 
implies that (D(Q)’, B(D(Q)’, D(Q))) is complete. 


Theorem 10.16 
Let E be the strict locally convex inductive limit of a sequence (E,) of semi-Montel 
subspaces, and let E,, be closed in Ey4, for alln € N. Then E is a semi-Montel space. 


Proof 
Let B C E be bounded and closed. Theorem 10.8 implies that there exists n € N such that 
B C E,, and B is bounded and closed in E,,. Therefore B is compact in E,,, and also compact 
in E. (Note that E is Hausdorff because all E,, are Hausdorff by hypothesis.) 


Corollary 10.17 D(Q) is a Montel space, in particular reflexive. 


Proof 
Let (Q,) be a standard exhaustion of Q, and let Ky := Q, (k € N). According 
to Example 8.4(b), Dx,(Q) = Cp (Kx) is a Montel space. Now the combination of 
Theorems 10.14 and 10.16 yields the assertion. 


Finally, we also want to prove that D(Q) is complete. This will be a consequence of 
the following theorem. 


Theorem 10.18 (K6the) 
Let E be the strict locally convex inductive limit of a sequence (E,) of complete locally 
convex spaces. Then E is complete. 
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Proof 
Let F be a Cauchy filter in E. (We note that the fundamental problem in the proof is that F 
need not have a ‘trace’ on any of the E,,’s. The ‘augmentation’ of F defined in step (i) below 
is the main idea in the proof.) 

(i) The set 


{B+V; BEF, VeU(E)} 


is a filter base (because (B+ V)1(B'+V’) D (BN B')+(VNV’') # B), and the generated 
filter G is a Cauchy filter. Indeed, for U € Up there exist V € Up such that V+ V—V CU 
and B € F with B — B C V, and therefore 


(B+V)—-(B+V)OV+V—-—VCU. 
Obviously F > G. In the following we will show: 
There exists n € N such that AN E, 4 @ forall AEG. (*) 


(This means that G has a ‘trace’ on E,.) 

If this is shown, then GM E,, is a Cauchy filter in E,,, therefore convergent; let x € E,, 
be a limit. Then x is a cluster point of G, x € Naeg ANE, ¢ Maeg A, and because G is a 
Cauchy filter one concludes that G > x. Since F D G, one also has that F > x. 

(i1) Now we prove (x). Assume that () does not hold. Then there exist sequences (B,,) 
in F, (V,,) in Up such that 


(Bh t+ Vn)N En = OS (neEN); (10.1) 


without loss of generality we can assume that V,, is absolutely convex, V,+1 C V, (né€N). 
We define 


vio co( Un En). 


neN 


Then V is absolutely convex, V D> V, NE, (n EN), therefore V € Up (by Theorem 10.5(a)), 
and 


(B, +V)NE,=2 (néN). (10.2) 


Indeed, V C V, + Ey, (because Vi N Ex C En; fork <n, Ve N Ex C Vy, fork > n), and 
therefore 


(Bn + V)0 En S (Bn + Vn + En-1) 1 En = ©, 


for all n € N. (An element in the last intersection would be of the form b, + vn + Xn—1 = Xn, 
hence by, + vy = Xn — Xn—1 € En, in contradiction to (10.1).) 
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Now, as F is a Cauchy filter there exists B € F such that B— B C V. Then B—B, NBC 
V,BCB,NB+V C B,+V, and (10.2) implies that BN E, = 9 (n EN); hence B = @, 
a contradiction. 


Corollary 10.19 D(Q) is complete. 


Proof 
This is an immediate consequence of Theorem 10.18, since D(Q) is a strict LF-space. 


Corollary 10.19 provides — again, see Corollary 10.11 — an argument why D(Q) 
is not metrisable, because otherwise D(Q) would be a Baire space; see Theorem B.1. 
However, the representation D(Q) = LU), Dx,(Q) from Example 10.4(a) shows that 
D(Q) is a meagre set, and this would be in conflict with Proposition B.2. 


Remark 10.20 If £E is a strict locally convex inductive limit of a sequence of 
quasi-complete/sequentially complete locally convex spaces, with E, closed in En+i 
(n € N), then E is quasi-complete/sequentially complete. This is immediate from 
Theorem 10.8. A 


Notes The space of distributions as the dual of D(Q2) was defined by L. Schwartz, and 
its theory was developed in [Sch66]. Most of the results on locally convex inductive 
limits presented in this chapter are contained in [DiSc49]. Theorem 10.18 was proved in 
[DiSc49, Corollaire de Théoréme 6] for the case of LF-spaces and generalised as well 
as provided with a more direct proof by Kothe [K6t50]. 
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Precompact - Compact - Complete 


This chapter is a short survey on the technical properties mentioned in the title, for 
subsets of topological vector spaces and locally convex spaces. 


Let E be a topological vector space, A C E. The set A is called precompact if for 
all U € U% there exists a finite set F C E suchthat A C F+U. 


Remarks 11.1 (a) If A is precompact, then A is precompact. 

(b) If A is compact, then A is precompact. 

(c) Subsets, scalar multiples and finite unions of precompact sets are precompact. 

(d) If A is precompact, then A is bounded. 

(e) The notion ‘precompact’ can be defined in the more general framework of uniform 
spaces. A 


Theorem 11.2 
Let E be a topological vector space, A © E. Then the following properties are 
equivalent: 
(i) A is precompact; 
(ii) every filter in A possesses a finer Cauchy filter; 
(iii) every ultrafilter in A is a Cauchy filter. 


Proof 
The equivalence ‘(ii) <> (iii)’ is clear, because every filter possesses a finer ultrafilter. 

(i) => (iii). Let F be an ultrafilter in A, and let U € U%. Then there exists a finite set 
F C E such that A C F + U. Using Remark 4.3(b) one concludes that one of the sets 
(x + U) NA (x € F) belongs to F. This implies that F is a Cauchy filter. 
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(ii) => (1). Assume that A is not precompact. Then there exists U € Uo such that A \ (F + 
U) # © for all finite sets F C E. Then the collection 


{A\ (F+U); F CE finite} 
is a filter base, with a finer Cauchy filter *. There exists a set Be F with B— BC U. 
For x € B one deduces that B C x + U, (x +U)NA€F. But also A \ (xn + U) € F by 


construction. Therefore 


B=(ANWH+U))N(A\ (*+ UD) EF, 


a contradiction. 


Theorem 11.3 
Let E be topological vector space, A © E. Then A is compact if and only if A is 
precompact and complete. 


Proof 
For the necessity the precompactness is clear. In order to prove the completeness, let F be 
a Cauchy filter. Then Proposition 4.5 implies that F possesses a cluster point x € A. Then 
F — x, because F is a Cauchy filter. 

For the sufficiency let F be an ultrafilter in A. Then F is a Cauchy filter, by 
Theorem 11.2, and therefore converges. Now Proposition 4.5 implies that A is compact. 


Theorem 11.4 

Let E be a topological vector space, A © E precompact. 
(a) Then bal A is precompact. 

(b) Jf E is locally convex, then aco A is precompact. 


Proof 
(a) Let U € Up be balanced. There exists a finite set F C E such that A C F + U. Then 


bal A = U LAC U (AF +AU) C bal F + U. 
IAl<1 IAI<I 


The set bal F is compact; therefore, there exists a finite set B C EF such that bal F C B+U, 
and so 


bal A C bal F+UCB+(U+U). 
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(b) Let U € Up be absolutely convex. Then there exists a finite set F C E such that 
AC F+U. The set 


aco F = { Y Ay; @yEK?, YW layl < i| 


yeF yeF 


is compact, because it is the continuous image of the compact set 


{Oy)yer EK; Yo yl < 1h. 


yeF 


Therefore there exists a finite set B C E such thatacoF C B+U. 
Let x € acoA. Then x = ae wjxj, with x1,...,%m € A, YO 
x; = yj +2; with suitable yj ¢ F,z; ¢€U (j =1,...,m); therefore 


m 


721 |uj| < 1. Then 


m 


m m 
ESS yey =>" 9) +) oujzjeB+U+u. 
j=l j=l j=l 


Hence acoA C B4+(U+U). 


Corollary 11.5 Let E be a quasi-complete topological vector space, A © E compact. 
(a) Then bal A is compact. 
(b) Jf E is locally convex, then also aco A is compact. 


Proof 
This is immediate from Remark 11.1(a) and Theorems 11.3 and 11.4. 


Notes Theorems 11.3 and 11.4 are analogous to what is standard in metric spaces. 
The remaining facts contain useful information and preparations for later results. For 
the closed convex hull of a compact set in a Banach space, Corollary 11.5 is due to 
Mazur [Maz30]. 
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The Banach-Dieudonné 
and Krein-Smulian Theorems 


In this and the following two chapters we discuss some surprising properties concerning 
the weak topology of Banach spaces. (However, the discussion will not be restricted to 
Banach spaces!) 


For the first result stated below we will give an interesting and motivating application 
in the subsequent example. The proof of this result and the more genreral Krein—Smulian 
theorem requires the consideration of several additional topologies on locally convex 
spaces. 


Theorem 12.1 (Banach) 
Let E be a Banach space, F C E' a subspace. Then F is o(E', E)-closed if and only 
if FO Bey is o(E’, E)-closed. 


Example 12.2 

Let E be a complex Banach space, Q C C open, f: Q —> E. A ‘traditional’ result is 
then Dunford’s theorem: f is holomorphic if and only if x’ o f is holomorphic for all 
x’ € E’ ((Dun38, Theorem 76], [Yos80, Section V.3]). (‘Holomorphic’ is defined as complex 
differentiable, and the C-valued theory of functions of one complex variable carries over 
to E-valued functions, with the result that E-valued holomorphic functions are analytic.) 
It is relatively standard that the hypothesis in Dunford’s theorem can be weakened to the 
requirement that x’o f is holomorphic for all x’ € F, where F is an almost norming subspace 
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of E’. Using Theorem 12.1 one can show that even this condition can be replaced by a weaker 
requirement: 
Let f: Q > E be locally bounded, and assume that the set 


F := {x' € E’; x’ o f holomorphic} 


is separating in E. Then f is holomorphic. 

We start the proof by noting that F is a subspace of E’, and that the hypothesis implies 
that F is o(E’, E)-dense in E’; see Corollary 2.10. Now we show that the closed unit ball 
of F, 


Br ={x'€F; |x| <1} = Be OF, 


is o(E’, E)-closed. We introduce the mapping g: E’ > C®%, x’ x’ o f and note that is 
continuous with respect to o(E’, E) and the product topology on C®. By Montel’s theorem 
— see Example 8.4(d) -, the set 


H := {g: Q— C holomorphic; |g(z)| < || f (Zl  €Q)} 


is acompact subset of C({2) (provided with the topology of compact convergence); therefore 
H is closed in C2. Then the equality 


Br = Be Ng '(H) 


shows that Br is 0 (E’, E)-closed. 

Now we conclude from Theorem 12.1 that F is o(E’, E)-closed, and therefore F = E’. 
Then the assertion follows from Dunford’s theorem. 

The result quoted above is due to Grosse-Erdmann ([GrE92]). The above elegant proof 
is a variant of the proof given by Arendt and Nikolski ([ArNi00, Theorem 3.1]); see also 
[ABHN11, Theorem A.7]. A 


For another application of Theorem 12.1, resulting in a generalisation of Pettis’ 
theorem on measurability of Banach space-valued functions we refer to [ABHN11, 
Corollary 1.3.3]. 


Remark 12.3 Corollary 9.18 can be derived from Theorem 12.1. Indeed, if u € E™ is 
o(E’, E)-continuous on Bz’, then u~!(0) MN Be is o(E’, E)-closed; hence u~!(0) is a 
o(E’, E)-closed subspace of E’, and u is o (E’, E)-continuous, i.e., u € E. A 


The proof of Theorem 12.1 will be given at the end of this chapter; the remainder of 
the chapter is devoted to preparations for the proof of a more general version. 


For a locally convex space E we define a topology tr, on E’ by 


Tp = {A C E'; ANB €o(E’, E) OB for all equicontinuous sets B C E’}; 
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it is not difficult te check that t; is indeed a topology on E’. Expressed differently, we 
equip the sets B € € (the collection of equicontinuous subsets of EZ’) with the trace 
o(E’', E) B of the weak topology and equip E’ with the finest topology on E’ for 
which all injections jg: B <> E’ are continuous. If Ep is a cobase of €, for instance 
& = {U °-UEU } where U/ is a neighbourhood base of zero in E, then Tt; is also the 
finest topology for which all jg, for B € Eo, are continuous. (Concerning terminology: 
A cobase of a collection A of sets is a subcollection A’ of A such that for all A €¢ A 
there exists A’ € A’ such that A C A’.) 

Clearly, a set A C E’ is t,-closed if and only if AN B is o(E’, E) NM B-closed for all 
B belonging to a cobase Ep of €. 


Proposition 12.4 Let E be a locally convex space, and let t¢ be the topology on E' defined 
above. Then t; D Te (topology of compact convergence, see Chapter 8). The topology tr 


is Hausdorff, translation invariant, and every tr-neighbourhood of zero is absorbing and 
contains a balanced t¢-neighbourhood of zero. 


Proof 

It was shown in Proposition 8.7 that t2 9 B = o(E’, E) M B for all equicontinuous sets 
BC E’. As tr is the finest topology coinciding with o(E’, E) on the equicontinuous sets, it 
follows that tp D Te. 

The topology t¢ is Hausdorff because ts D> o(E’, E), and tf is translation invariant 
because the collection of equicontinuous sets and the topology o(E’, E) are translation 
invariant. 

Let V be a ty-neighbourhood of zero, x’ € E’, B © E’ equicontinuous, balanced and 
containing x’. Then there exists a balanced o(E’, E)-neighbourhood of zero W such that 
WOBCVOB. There exists a € (0, 1) such that Ax’ € W for |A| < a, and therefore 


Ax EWNBCVNBECYV (Al <a). 


This shows that V is absorbing. 
Let U be a ts-neighbourhood of zero, and let 


V:= ACU; A balanced 
UI } 


be its ‘balanced core’ (the largest balanced subset of U). Let B C E’ be equicontinuous and 
balanced. There exists a balanced W € Up(o (E’, E)) such that WN B CUNB CU. Since 
W 2 B is balanced, one concludes that WM B C V, and this implies thatWNBCVOB. 
This shows that V is a te-neighbourhood of zero. 


Remark 12.5 Why can one only show ‘balanced’ in Proposition 12.4(b)? The reason in the 
proof is that there does not exist an ‘absolutely convex core’ of sets. In fact, the reason is 
deeper, because it is known that in general Tt, is not a linear (let alone a locally convex) 
topology ([Kom64, § 2]). 

The index ‘f’ in t¢ is historical and probably just stands for ‘finest’. A 
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Theorem 12.6 (Banach-Dieudonné) 
Let E be a metrisable locally convex space. Let 


Mrs = Na n €N}U {0}; (x,) null sequence in E}. 


Then tp = Te = Ths “= TMy,- 


Proof 
(i) ‘tg D Te D Tas’. The first inclusion is part of Proposition 12.4; the second inclusion holds 
because every A € Mns is compact. 

(ii) ‘ts D Te’. Let U be an open t¢-neighbourhood of zero. It suffices to show that there 
exists A € Mpg such that A° C U. 
Because E is metrisable, there exists a decreasing neighbourhood base of zero (Vn)neNy in 
E, Vo = E, and all V, absolutely convex and closed. In part (iii) of the proof we will show: 


For each n € No there exists a finite set B, C V, such that Ac ia) ve CU, 


(*) 
where A, := aie B, (n€ No). 


Assuming this, we set A := (Lies Bx) U {0}. Then obviously A € Mys. Also A° C AP, 
and therefore A° NV? C U (n EN). From (),cn Vn = {0} one obtains U,cy Vio = E’, 
and therefore A° C U. 

(iii) We prove (*) by induction. For n = 0, the assertion holds with Bp = @. Assume 

that B, has been obtained for k = 0,...,n — 1. We have to find a finite set B, C V, such 
that (Ay U Bn)°o AVP, CU. 
Set C := Veo \ U. The polar Vig is compact for o(E’, E), by the Alaoglu-Bourbaki 
theorem. Because ve is equicontinuous, the topologies tg and o(E’, E) agree on Vis 
therefore, ae , is also compact for t,, and as a consequence the closed subset C is compact 
for tr. Since APN V,° C U and UNC = @, we know that APN VNC = ©. Forallx € V, 
the set {x}° M AP NC is aclosed subset of C, and 


al ((x}° NAS NC) = ( (ix?) MARNE = VEN ANC =B. 


xEVy xEVh 


Now the compactness of C implies that the family ({x}° nN ACN O) 29 cannot have the 
finite intersection property. This means that there exists a finite subset B, C V, such that 
B= BPNMAR NC = (A,U By)? N (V2; \ U), hence (A, U Ba) N VP CU. 
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Remark 12.7 The usual way to formulate Theorem 12.6 is to use the topology Tpc, the 
topology of uniform convergence on the precompact sets of E, instead of t,. An inspection of 
the proof of Proposition 8.7 immediately yields that it also shows that tp, NB = 0 (E’, E)NB 
for all equicontinuous sets B. This implies that in Theorem 12.6 one also obtains t? = Type = 
Tns (which is the traditional assertion in the Banach—Dieudonné theorem). A 


Let E be a locally convex space, 
Mee i= {A C E; A convex and compact}. 


Then Toc := T,,, the topology of compact convex convergence, is a polar topology 
on E’. Observe that, in view of Lemma 4.9, the set 


Mi = {A C E; A absolutely convex and compact} 


is a cobase of M,., hence TM, = TM,.- Note that O(E', E) C te C w(E’, E); 
therefore (E’, Tc)’ = b|(E) (= E if E is Hausdorff). 

If E is Hausdorff and quasi-complete, then t. = Toc is compatible with the dual pair 
(E, E’). 


Theorem 12.8 (Krein-Smulian) 

Let E be a Fréchet space, and let U be a neighbourhood base of zero in E. Then a 
convex set A © E! is o(E’, E)-closed if and only if AN U® is o(E’, E)-closed for 
every U EU. 


Proof 

The necessity is trivial. 
For the sufficiency, we recall that A is ts-closed, which by Theorem 12.6 implies that 

A is T,-closed. By the above preliminary remark, T. = Tec is compatible with the dual pair 

(E, E’), and therefore the convex set A is 0 (E’, E)-closed as well. 


Proof of Theorem 12.1 
This follows immediately from Theorem 12.8. 


Notes Theorem 12.1 is contained in [Ban32, Chap. VIII, §3, Lemme 3]. In order to 
understand this it should be mentioned that the subspaces of E’ whose intersection 
with the closed unit ball is o(E’, E)-closed occur in [Ban32] as ‘transfiniment fermé’, 
whereas o (E’, E)-closed subspaces are ‘réguliérement fermé’. A translation into more 
modern terminology was given by Bourbaki [Bou38], and a new proof was given by 
Dieudonné [Die42, Théoréme 23]. (Interestingly enough, the proof by contraposition 
in [Ban32, Chap. VIII, § 3, Lemme 2] seems to have persisted in the literature, where 
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usually in step (iii) of the proof of Theorem 12.6, the existence of a finite set B, is 
shown by contraposition.) The new methods introduced by Dieudonné then served to 
extend Theorem 12.8 — proved in [KrSm40, Theorem 5] only for the case of Banach 
spaces — to more general settings. For this and a variety of related results obtained by 
these methods we refer to Kéthe [K6t66, § 21.10] and Schaefer [Sch71, Chap. IV, § 6.4]. 
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Check for 
updates 


The Eberlein-Smulian and 
Eberlein-—Grothendieck Theorems 


The well-known Eberlein—Smulian theorem states the equivalence of several versions 
of weak compactness for subsets of a Banach space. The proof will be a consequence 
of properties of subsets H C C(X) with respect to the product topology on K*, where 
X is a suitable topological space. These considerations will also yield results for more 
general locally convex spaces. 


To motivate the considerations presented in this chapter, we start by stating an 
important result which will be proved, in fact in a more general version. 

Concerning the terminology in the following theorem: If X is a topological space, 
a subset A is called conditionally countably compact if every sequence in A has a 
cluster point in X. The set A is called conditionally sequentially compact if every 
sequence in A possesses a convergent subsequence with limit in X. This is in contrast to 
the definition of relative (countable or sequential) compactness, which means that there 
exists a superset of A with the corresponding property. 


Theorem 13.1 (Eberlein-Smulian) 
Let E be a Banach space, A © E. Then the following properties are equivalent: 
()_ A is weakly relatively compact; 
(ii) A is weakly conditionally countably compact; 
(ii) A is weakly conditionally sequentially compact. 
If one of these properties is satisfied, then for every x € aoe) there exists a 
sequence in A converging weakly to x. 


Remarks 13.2 (a) Recall that for separable Banach spaces, part of this theorem was already 
proved in Proposition 5.11. 


© Springer Nature Switzerland AG 2020 
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(b) As a consequence of Theorem 13.1 one deduces that, for subsets A of E, weak 
compactness, weak countable compactness and weak sequential compactness are equivalent 
properties. (Recall that A is countably compact if every sequence in A has a cluster point in 
A, and that A is sequentially compact if every sequence has a convergent subsequence with 
limit belonging to A.) 
Indeed, in view of Theorem 13.1 it suffices to show that weak countable compactness implies 
oe Then 
by the final assertion of the theorem, there exists a sequence (x,) in A converging weakly to 
x. By hypothesis, x € A, and this implies that A is closed. 

(c) We note that the assertion stated in Theorem 13.1 also holds in (non-complete) 


weak closedness. So, assume that A is weakly countably compact, and let x € A ie 


normed spaces. It is not difficult to deduce this version from Theorem 13.1 itself. We mention 
this fact in order to prepare the reader for later versions of the Eberlein-Smulian theorem, 
where completeness will not be required. A 


For the further development we present the following important and surprising result 
on various notions of compactness in function spaces. 


Theorem 13.3 (Eberlein—Grothendieck) 

Let X be a topological space having a dense o-compact subset, and let ts be the 
product topology on K*. Let H © C(X) be a subset which is conditionally countably 
compact with respect to t,  C(X) (i.e., every sequence in H has a cluster point in 
C(X)). 

Then the set H (= H a) is compact and contained in C(X). Moreover, for every 
separable set F © H the topology ts F is metrisable, and each f € H is the limit of 
a sequence in H. 


Remarks 13.4 (a) We point out that under the hypotheses of the previous theorem the set 
H will also be conditionally sequentially compact: Let (fn) be a sequence in H, and let 
f € (fa; nN}. If f occurs infinitely often in the sequence (f,), then there exists a 
subsequence with all the terms equal to f. Otherwise we may without restriction assume 
that f does not occur in the sequence (f;,). Then, by the last statement of the theorem, there 
exists a sequence (gn) in { fn; n € N} converging to f. Since (g,) cannot stay in any set 
{fe; 1 < k < n} for some n €N, it follows that by ‘thinning out’ (g,) one can get a 
subsequence of (f,) converging to f. (Note that — for puristic reasons — we did not use the 
fact that every countable set has a metrisable closure; this would have made the argument 
somewhat easier.) 

(b) We mention that the hypothesis of Theorem 13.3 is satisfied, for instance, if X is 
separable. A 


Seeing the result of Theorem 13.3 for the first time, each mathematician specialising 
in analysis will (and should) be surprised. After all, function spaces are one of the 
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main objects in analysis, and so he might have the impression that he ‘is somewhat 
acquainted’ with function spaces. However, mostly one doesn’t consider the product 
topology on such spaces; it will turn out that the result — whose proof is somewhat 
technical and lengthy, even for the special case where X is compact — has very 
interesting and important consequences. Also, the Eberlein—Smulian theorem mostly 
is a theorem quoted and used every now and then in courses of functional anlysis, but 
— the author thinks — rarely proved completely. Learning that it is just a consequence of 
sophisticated properties of function spaces should be a good experience. 
We need a preparation for part of the proof. 


Lemma 13.5 Let Y, Z be sets, (-,-): Y x Z — K. Let p be the initial topology on Y 
with respect to the family ((-, z))zez, and let o be the initial topology on Z with respect to 
((y,+))yey- Assume that (Y, p) is compact, and let Zo € Z be dense in (Z,o). 

Then the initial topology on Y with respect to ((-, Z))zeZp is equal to p. If Zo is countable, 
then p is associated with a semi-metric, and (Y, p) is separable. 


Proof 
Let ®: Y > K®% be defined by ®(y) := ((y,z))zez. Then © is continuous; in fact 
Theorem 1.2 implies that p¢ is the initial topology with respect to ®. Therefore the hypothesis 
on (Y, e) implies that A := ®(Y) is a compact subset of KZ. Let Prz,: K2 — K%0 be the 
canonical projection. Then the restriction of prz, to A is injective. Indeed, if x, y € Y are 
such that prz,(®(x)) = prz,(®(y)), Le., (x, z) = (y,z) (z € Zo), then the continuity of 
the functions (x,-), (y, -) on (Z, 0) implies that (x, z) = (y, z) (< € Z), i.e., P(x) = B(y). 
This implies that the restriction of prz, to A is a homeomorphism; cf. Lemma 4.12. As a 
consequence, the topology p is the initial topology with respect to prz, o ®, or equivalently, 
by Theorem 1.2, the initial topology with respect to ((-, Z))zeZp- 

If Zo is countable, then Lemma 2.18 implies that p is semi-metrisable. A standard 


argument shows that then (Y, ¢) is separable. 


Proof of Theorem 13.3 
(i) For all t € X the set {f(t); f € H} is bounded. Therefore the compactness of H is a 
consequence of Tikhonov’s theorem. 


The proof of the other properties will be given in three parts, where in the first part we 
prove the theorem for the case that X is compact. 

(ii) Let Fo C H be countable, F := Fo BRE Then the initial topology tr on X with 
respect to F is coarser than the original topology of X, and therefore (X, tr) is compact. 
Applying Lemma 13.5 with Y := X, Z := F, Zo := Fo, (t, f) := f) Ct, f) € X x F), 


we conclude that tr is equal to the initial topology tr, with respect to Fo, and that (X, tr) 


is semi-metrisable and separable. 
(iii) Now we show that H C C(X). Assume that there exists ge H which is not 
continuous. Then there exist fg € X, ¢ > 0, M C X with to € M such that 


lg(t) — g(t)| ze (teM). (13.1) 
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Then one can construct sequences (fn)nen in H, (tr)nen in M such that 


Ifn(tk) — 8(te)| < 1/n OKk <n), (13.2) 
f(r) — fxto)| < 1/n (l<k <n). (13.3) 
(Indeed, if nm € N and ¢),...,t:-1, fi,---, fn—1 are chosen, then there exists f, € H 


satisfying (13.2), because g belongs to the closure of H. Then ¢, € M satisfying (13.3) 
can be chosen, because f1,..., fn are continuous.) By hypothesis, the sequence (f,) has a 
cluster point f € C(X). Then f(t.) = g(te) (k € No) because of the inequalities (13.2). 
From (13.3) we deduce that f (tn) > fx(to) (n — 00) for all k € N, and therefore t, — to 
(n — oo) in the initial topology tr, of X with respect to Fo := { fx; k € N}. From (ii) we 
know that f is continuous with respect to tr), and therefore g(t) = f(tr) > f (to) = g(to) 
(n — oo). This convergence contradicts (13.1). 

(iv) Let Fo, F and tr be as in (ii). Note that from (i) and (iii) we know that F = Fo isa 
Ts-compact subset of C(X). In this step we show that (F,, ts) is metrisable. This implies that 
F, and thus H, is sequentially compact. 

From (ii) we know that (X, tr) is separable. Applying Lemma 13.5 once more, this time 
with (exchanged roles) Y := F, Z := X, (f,t) := f(t) ((f,t) € F x X), we conclude that 
F is acompact (semi-)metrisable space. 

(v) Finally we show that, given f € A, there exists a sequence (f,) having f as a cluster 
point. Then, applying the previous step, one also obtains a convergent subsequence. 

Let k EN. For g € H we define 


Ug = {(t,..., te) € X*; Ig(t)) — fal < /kA <j <b}. 


Then (Ug) gcy is an open covering of the compact set X k and therefore there exists a finite 
subcovering (Ug) seH,, With a finite set Hy © H. Arranging the countable set (), en Ak asa 
sequence (f;,) one easily deduces that this sequence has f as a cluster point. 


Now we start the second part of the proof, where we assume that X is o-compact. Let 
(Xn) be a sequence of compact sets whose union is X; without restriction we may assume 
that the sequence (X,,) is increasing. 

(vi) In the first step we show that H C C(X) and that each element of Z is the limit of a 
sequence in H. 

Let f € H. Then, for n € N, the function flx, belongs to the closure of (glx, 5 8€E H} 
with respect to the product topology of K**. The first part of the proof implies that there is a 


sequence ( f 1); in H such that ( FF 2 ); converges to f|x, in the product topology of K*", 


Arranging the sequences ( f HF (n € N) into a single sequence (by the usual Cantor counting 
procedure) we obtain a sequence (fj) with the property that ( Silx, ) , has the function /]y, 
as a cluster point, for all n € N. It further follows from the first part of the proof that the 
restriction of the product topology on K*" to the (countable) set { Silx, 3 KEN } U {flx,} 
is metrisable. Since the product topology on K* is the initial topology with respect to the 
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canonical projections pry, : K* — K*» (n EN), we conclude, using Lemma 2.18, that the 
restriction of the product topology on K* to { tks KEN } U{f} is metrisable. This, finally, 
shows that there exists a subsequence ( fj); such that fe; — f (j — oo) in the product 
topology of K*. 

Now from the hypothesis that each sequence in H has a cluster point in C(X) we 
conclude that the unique cluster point f of (fx; ); does in fact belong to C(X). 

(vii) Let Fp C H be countable, F := Fo *s Then part one of the proof implies that the 
product topology of Fly, is metrisable, for all n € N, and as the product toplogy on F is 
the initial topology with respect to the canonical projections pry, : K* — K*» (n EN) it 
follows that the product topology on F is metrisable. This also shows that F and hence A is 
sequentially compact. 


In this third part of the proof we treat the general case. We will use the notation X= 
U, eN Xn, Where (X;,) is a sequence of compact subsets whose union is dense in X. 

(viii) First we show that H C C(X) and that for each f € H there exist a sequence 
converging to f. 

Let f € H. From the previous part of the proof we know that f| x 1s continuous, and 
that there exists a sequence (f;) in H such that fily > fly (kK > 00) pointwise. From the 
hypothesis we know that ( f;,) has a cluster point g ¢ C(X). This implies that g]y = f|y, and 
because X is dense, the continuous cluster point is unique. Then it is standard to deduce that 
Sk — g pointwise on X. (Indeed, assuming that there exists t € X such that ( f;,(t)) does not 
converge to g(t), one would obtain a subsequence ( fi) with ( Sfx; (t)) converging to some 
value # g(t). However, this subsequence could no longer have a continuous cluster point; a 
contradiction.) Choosing t € X arbitrarily, we now invoke part two of the proof once more to 
conclude that Alxuiy is continuous, hence f(t) = g(t). This implies that f = g € C(X). 


(ix) Let pry: KX —» KX be the canonical projection, and denote the initial topology on 
H with respect to pry by Ts. Then id: (H, t;) > (H, T,) is continuous, and as H is compact 
and Tt, is Hausdorff, we obtain t; 7 H = ts (by Lemma 4.12). This makes it clear that, for 
countable sets Fo C H, the topology t; on F := Fo is metrisable, because it holds for the 
topology Ts, by part two of the proof. This also implies that H is conditionally sequentially 
compact. 


As a first application we treat a case where there is no restriction on the quality of 
the space, but for the subset one does not conclude conditional sequential compactness. 
For this result, Theorem 13.3 is only used for the case that X is compact. 


Corollary 13.6 (Eberlein) Let E be a Hausdorff locally convex space, and let A C E be 
such that C0 A is complete. Then A is weakly relatively compact if and only if A is weakly 
conditionally countably compact. 
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Proof 
The necessity is clear. 

For the sufficiency, let E be the completion of E. Then G0 A is closed in E, hence also 
o(E, E’)-closed in E; note that E’ = E’. Therefore it is sufficient to show that ee is 
weakly compact in E; hence, without less of generality we may assume that E is complete. 

The set aes 
property that E” is a closed subset of K£’ (Lemma 4.8). Therefore, we have to show that 
Ae) @ p 

Let X C E’ be equicontinuous and o (E’, E)-closed; then X is 0 (E’, E)-compact, by the 
Alaoglu-Bourbaki theorem. Then we apply Theorem 13.3 to the restrictions of the elements 
of A C E™ CK to X, to obtain 


is compact in (E’*,o(E™, E’)), by Tikhonov’s theorem and the 


—o(E”,E’) 


—kK* 
A lx = Aly © C(X). 


The equality in this chain holds because the set A es) is compact and the mapping 


E® > x + x|y € K% is continuous. The inclusion is the application of Theorem 13.3; 
notice that the hypothesis of conditional countable compactness of A implies that Aly = 
{x|y ; x € A} is a conditionally countably compact subset of C(X). 

EB!) 


Therefore it follows that for each element x ¢ A” the restriction x|y is continuous 


for all closed equicontinuous sets X C E’. This implies that x € E, by Corollary 9.16. 


Now we show a generalisation of the original Eberlein—Smulian theorem. The 
following version applies, in particular, to the weak topology in Fréchet spaces. 


Theorem 13.7 (S. Dierolf) 
Let (E,t) be a Hausdorff locally convex space, and assume that there exists a 
metrisable locally convex topology p © «(E, E’) on E. Then, for a set A C E, 
the following properties are equivalent: 

(i) A is relatively compact; 

(ii) A is conditionally countably compact; 
(ii) A is conditionally sequentially compact. 


If one of these properties is satisfied, then A = A°, where o := 0(E,E'), tN A= 
o OA, every separable subset of A is metrisable, and every x € A is the limit of a 
sequence in A, 


The proof will be given in two parts, where in the first part we suppose that t is the 
weak topology. 
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Proof of Theorem 13.7, for t = o (=a (E, E’)) 
The implications ‘(i) => (ii)’ and ‘(iii) = Ci)’ are clear. 

(ii) => (i), (iii). The space (E,, ¢) possesses a countable neighbourhood base of zero (U;). 
The sets X, := UP (n €N) are o (E’, E)-compact, by the Alaoglu-Bourbaki theorem and 
because p © p(E, E’), and F := U,en Xn = Unen Un = (E, py is a subspace of E’. 
Since p is Hausdorff, the dual pair (E, F) is separating in E, and this implies that F is 
o(E’, E)-dense in E’ (by Corollary 2.10). 

Then Theorem 13.3, together with Remark 13.4(a), implies that A, as a subset of 
C(E’,o(E’, E)), is weakly relatively compact and weakly conditionally sequentially com- 
pact. Recalling that the closure of A in K®’ is a subset of E™*, by Lemma 4.8, we obtain the 
desired assertions. 


The last assertions of the theorem are properties stated in Theorem 13.3. 


For the proof of the general case we need two preparations. 


Lemma 13.8 Let X be a topological space, (Xn) a sequence in X, Lites ne N} countably 
compact, and such that (x) has only one cluster point x € X. Then xn > x (n > ©). 


Proof 

There exists a cluster point x of (x,). If (x) does not converge to x, then there exist an open 
neighbourhood U of x and a subsequence (xn) in X \ U. This subsequence has a cluster 
point y € X \ U, and y ¥ x is also a cluster point of (x,), in contradiction to the hypothesis. 


Proposition 13.9 Let E be a topological vector space, and let A © E be a conditionally 
countably compact subset. Then A is precompact. 


Proof 
The proof proceeds by contraposition. Assume that A is not precompact. Then there exist 
U € Up and a sequence (x,,) in A such that x,41 ¢ Uja1 (x; + U) for alln €N. There exists 
V €U such that V — V C U. It is easy to see that then for all x € E the set x + V contains 
at most one point of the sequence (x,,). This shows that (x,,) has no cluster point. 


Proof of Theorem 13.7, general case 
As above, the implications ‘(i) = (ii)’ and ‘(iii) => (ii)’ are clear. 

Now we show the implication ‘(ii) = (i11)’. Let (x,,) be a sequence in A. The hypothesis 
implies that A is weakly conditionally countably compact. Then the first part of the proof 
implies that A is weakly conditionally sequentially compact. Hence there exists a weakly 
convergent subsequence (x, ;) of (x,); let x := o-limXy;. Then every t-cluster point of 
(Xn; ) is also a o-cluster point, hence is equal to x. Applying Lemma 13.8 we conclude that 


x= t- lim Xp ;- 
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Next we show the implication ‘(ii) = (i)’. As before, A is weakly conditionally countably 
compact, and from the first part of the proof we know that A° is weakly compact, hence 
weakly complete. Now Theorem 9.8 implies that A ° is t-complete. Proposition 13.9 implies 
that A, and then also A, is precompact, and therefore A is compact, by Theorem 11.3. 

Having shown these two implications, we use that the compactness of A implies the 
weak compactness, A’ =A,andoNA= TNA, by Lemma 4.12. This implies that the last 
assertions of the theorem carry over from o to T. 


Remarks 13.10 (a) Remark 13.2(b) applies analogously to Theorem 13.7. 
(b) The topology p in Theorem 13.7 is compatible with the dual pair (E, E’), ie., 
o(E, E’) C p, if and only if p = w(E, E’); see Remark 6.17. 


Proof of Theorem 13.1 
This is a special case of Theorem 13.7. 


Remark 13.11 We mention that for the proof of Theorem 13.1 it would be sufficient to have 
Theorem 13.3 for compact X. Indeed, the Banach space E is isometrically isomorphic to the 
closed subspace E™1C(Br, 0 (E’, E)) of E™, by Corollary 9.18, and the weak topology on 
E in the isomorphic image is the restriction of the product topology on K 2’ to this subspace. 
Taking into account that LE” is closed in the product topology (Lemma 4.8), one obtains the 
assertions of Theorem 13.1 from Theorem 13.3. A 


Remark 13.12 The Eberlein-Smulian theorem has given rise to investigations concerning 
the question in which spaces the notions of compactness, countable compactness, and 
sequential compactness are equivalent. Above, we have presented some results that go 
beyond the classical Eberlein-Smulian theorem. A much deeper and more thorough investi- 
gation is carried out in [Flo80]. In particular, we mention that these investigations have led 
to the notion of ‘angelic spaces’. The assertions of Theorem 13.1 and Theorem 13.7 imply 
that the weak topology on the space E is ‘strictly angelic’, in the terminology of [Gov80]. A 


For completeness we mention that Theorem 13.3 also yields part of the characteri- 
sation of weak compactness for subsets of C(X), stated in [DuSc58, IV.6, Theorem 14]. 


Theorem 13.13 
Let X be a Hausdorff compact space, H © C(X). Then the following properties are 
equivalent: 
@) 4 is weakly relatively compact; 
(ii) H is bounded and relatively compact with respect to the topology t, 1 C(X), 
where t, denotes the product topology on K* ; 
(ii) +H is weakly conditionally sequentially compact. 
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Proof 

‘(i) > (ii)’ holds, because t, M C(X) is coarser than the weak topology. 
(ii) => (iii). Let (f,) be a sequence in H. From Theorem 13.3 we conclude that the 

Ts-compact separable set { tnin EN} C C(X) is metrisable; hence there exists a Ts- 

convergent subsequence (fn; ). As the sequence (f;,) is bounded in C(X), the dominated 

convergence theorem implies that ( fnj) is also convergent with respect to 0 (C(X), M(X)). 
‘(iii) > (i)’ follows from Theorem 13.1. 


Notes Different parts of Theorem 13.1 are due to Smulian [Smu40] and Eberlein 
[Ebe47]. The ideas of Theorem 13.3 go back to Eberlein [Ebe47] and Grothendieck 
[Gro52]. In fact, Grothendieck [Gro52, 3, Théoréme 2] treats the case when X is only 
countably compact. The idea to use closures of o-compact sets goes back to Pryce 
[Pry71, Theorem 2.1]. The author acknowledges substantial contributions by H. Vogt 
to the proof of Theorem 13.3 given above. Corollary 13.6 was shown by Eberlein for 
Banach spaces [Ebe47] and generalized by Grothendieck to spaces that are complete 
for the Mackey topology [Gro52, 4, Proposition 2]; we prove the version appearing in 
[K6t66, Kap. 5, § 24.2], [Sch71, Chap. IV, § 11.2]. Theorem 13.7, due to S. Dierolf, is 
taken from [Die78, Satz (16.1)]. The idea to use a coarser metrisable topology on E goes 
back to Dieudonné, Schwartz [DiSc49, section 11] and Kothe [K6t66, V, § 24.1 (3)]. 
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Krein’s Theorem ee 


Another surprising result is Krein’s theorem, stating that the closed convex hull of a 
weakly compact set in a Banach space is again weakly compact. This will be shown in a 
much more general context. For the proof, the Pettis integral of vector-valued functions 
will be defined and applied. 


Theorem 14.1 (Krein) 
Let E be a Banach space, and let A © E be weakly compact. Then co A is weakly 
compact. 


Remarks 14.2 (a) If E is a locally convex space, A C E compact, then the set COA is 
precompact, hence compact if and only if it is complete (see Theorem 11.3). 

This means that in the setting of Theorem 14.1 one would have to suppose that Co A is 
weakly complete. The “surprise” of the theorem is that the completeness of CO A in the norm 
topology is sufficient; see Theorem 14.8 for the more general statement. 

(b) If E is a non-reflexive Banach space, then (E,o(E, E’)) is not quasi-complete, 
because Br ETE Bev. In reflexive Banach spaces Krein’s theorem is an immediate 
consequence of the Banach—Alaoglu theorem. 

(c) In Theorem 14.1, the assertion could also have been stated in the form that ‘aco A is 
weakly compact’. An analogous comment applies to Theorem 14.8 and Corollary 14.9. This 
follows from Lemma 4.9. A 


Let E be a Hausdorff locally convex space, let (X, jz) be a measure space, w(X) < 
oo, and let f: X — E. Assume that x’ 0 f € L\(y) for all x’ € E’. Then [ f du € E” 
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is defined by 


[ fance’ = fx ofdp. 


If additionally f fduwéE, then f is said to be w-Pettis-integrable. 


Remark 14.3 If X is a Hausdorff compact topological space, then, due to the Riesz—Markov 
representation theorem, the dual of C(X) can be represented by the signed Borel measures 
of finite total variation on X, denoted by M(X). We refer to [Rud87, Theorem 2.14] for 
the proof of this fact. The subset of probability measures will be denoted by M,(X). In 
what follows, the dual of C(X) will simply be taken to be equal to M(X). The topology 
o(M(X), C(X)) on M(X) is also called the vague topology. 

We will say that the support of a measure x € M(X) is finite, ‘spt jx finite’, if w is a 
linear combination of Dirac measures, i.e., there exist a finite set F C X and c, € K for 
x € F such that uw = exer Cx5x, where 6({x}) = 1, 6,(A) = 0 for all measurable sets 
ACX \ {x}. A 


Proposition 14.4 Let E be a Hausdorff locally convex space. Let X be a Hausdorff compact 
topological space, and let f : X — E be continuous. Then the set 


A efon” 


is o (E™, E')-compact, and A = {ff du; Be M,(X)}. 


Proof 
The set A is compact because f(X) is compact and (E,o(E”™, E’)) is complete; recall 
Proposition 9.5 and Corollary 11.5(b). 

It is evident that 


co f(X) = {ffdu; Me M(X), spt finite}. (14.1) 


The set M(X) is a vaguely closed subset of By4,x), and therefore vaguely compact, by 
the Banach—Alaoglu theorem. 
The mapping 


Masur f fduee” 


is vaguely-o(E™, E’)-continuous. Indeed, for each x’ € E’, the mapping M(X) 3 hp we 
(f fdu,x') = fx’ o f du € K is vaguely continuous, and as o(E”, E’) is the initial 
topology on E”™ with respect to the mappings EF 3 u t> (u,x’) € K (x' € E’), the 
assertion is a consequence of Theorem 1.2. This implies that the set { ffdus weM(X )} 
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is o(E™, E’)-compact, and therefore (14.1) implies that 
AC{ffdu; weMi(X)}. 


On the other hand, the subspace {u € M(X); spt finite} of M(X) separates the points 
of C(X), which implies that this subspace is vaguely dense in M(X). It is not difficult to 
show that this implies that the positive measures of finite support are vaguely dense in the 
positive measures in M(X), and as a consequence, that the probability measures of finite 
support are dense in M,(X). Using (14.1) again one concludes that 


AD{ffdu; weMi(X)}. 


Proposition 14.5 Let E be a Hausdorff locally convex space, and let A C E be compact. 
Then the following properties are equivalent: 
(1) COA is compact; 
(ii) if X is a Hausdorff compact space, 1p € M(X), and f : X — A is continuous, then 
f is -Pettis integrable; 


Git) TA cE, 

Proof 

‘(i) > (ai)’ follows from Proposition 14.4, because (i) implies that CO A is weakly compact; 
therefore, co fa a C co Fes OEY co aoe? C E for all f as in (ii). 


(ii) => (iii). With the continuous function A 5 x b x € E the assertion follows from 


Proposition 14.4. 


(iii) => (i). It follows from (iii) and Proposition 14.4 that 3A = coA°’*?) = 


oe eB) 


is weakly compact, and therefore weakly complete. Applying Theorem 9.8 
— recall that E possesses a neighbourhood base of zero consisting of (weakly) closed 
absolutely convex sets — we deduce that Co A is complete. As co A is also precompact, by 


Theorem 11.4(b), one concludes from Theorem 11.3 that Co A is compact. 


Remark 14.6 A locally convex space E is said to have the convex compactness property 
if COA is compact for every compact set A C E; see [Wil78, Sec. 9-2, Definition 8]. 
By Corollary 11.5(b), quasi-complete locally convex spaces have the convex compactness 
property. Proposition 14.5 can be used as a criterion for proving the convex compactness 
property for concrete spaces. It was used, for instance, in [Voi92] to show that the space of 
compact operators between two Banach spaces, equipped with the strong operator topology, 
has the convex compactness property (without being quasi-complete). A 


The following lemma will be needed in the proof of the general version of Krein’s 
theorem. 


Lemma 14.7 Let E be a Hausdorff locally convex space, and let A © E be weakly compact. 
Let u € oA”), and let (x),) be an equicontinuous sequence in E', x, > x' € E’ 
(n — 00) with respect to 0 (E’, E). 


Then (u, x),) > (u, x’) (n > 00). 
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Proof 

Proposition 14.4 yields a measure x € M),(A) such that u = ta x d(x). Note that A is 
weakly bounded, hence bounded by Mackey’s theorem, Theorem 6.1. As a consequence, the 
equicontinuity hypothesis implies that sup, <4 nen |(*, x},)| < 00. Therefore the convergence 


(u, x}) =f cemprduer of tex yauce) =(u,x') (n> 00) 
A A 


follows from the dominated convergence theorem. 


In Lemma 14.7, if one adds the hypothesis that E is sequentially complete, then 
one can dispense with the hypothesis that (x/,) is equicontinuous (see [Bou07b, IV, § 7, 
Exercice 10 a)]). Indeed, then the set B := acoA is a Banach disc, by Lemma 9.12(a); 
hence the uniform boundedness theorem, Theorem B.3, implies that the sequence (x/,) 
is bounded in (Eg), and therefore sup, nen |(X,%,,)| < 00. 

After these preparations we can show a general version of Krein’s theorem. 


Theorem 14.8 
Let E be a Hausdorff locally convex space, and let A C E be weakly compact. Then 
co A is weakly compact if and only if Co A is complete (with respect to the topology 


of E). 


Proof 
For the necessity, we note that the hypothesis implies that co A is weakly complete. Using 
Theorem 9.8 we conclude that Co A is complete. 

For the sufficiency, we first show the assertion under the additional assumption that 
E is separable. Let E be the completion of E. As TOA is complete, we conclude that 


coA = CoA’, and therefore the assertion is equivalent to coA” being o (E, E’)-compact. 
This means that without loss of generality we may assume that E is complete. 

Let u € an” Let M C E’ be equicontinuous and o(E’, E)-closed. Then M 
is compact, by the Alaoglu-Bourbaki theorem, therefore metrisable, because E is separable; 
cf. Proposition 4.11. Now Lemma 14.7 shows that u| jy is (sequentially) o (E’, E)-continuous. 
Therefore, Corollary 9.16 shows that u € E. 


This shows that co 7 ce CE, and Proposition 14.5 (applied in the space 


(E, o(E, E’))) implies that € A = oat? is weakly compact. 

For the general case we recall from Corollary 13.6 that it is sufficient to show that co A 
is weakly conditionally countably compact. Let (x,,) be a sequence in co A. Then there exists 
a closed separable subspace Eo of E such that the sequence (x,) belongs to co(A M Eo); for 
convenience we introduce Ag := AN Eo. Then it is clear that the set CO Ag C (COA) N Ep is 
closed and therefore complete in Eo. Now the separable case treated above shows that (x;) 


possesses a weak cluster point in Ep, which then is also a weak cluster point in E. 
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Proof of Theorem 14.1 
Krein’s theorem is a special case of Theorem 14.8. 


In fact, Theorem 14.8 shows that in Theorem 14.1 one can replace “Banach space’ 
by ‘quasi-complete Hausdorff locally convex space’. 

In Theorem 14.8, the topology of E can be chosen as any topology compatible with 
the dual pair (E, E’); in fact, the weakest form of the completeness hypothesis is to 
assume that co A is w(E, E’)-complete. The following generalisation shows that the 
weak topology can be replaced by other compatible topologies. 


Corollary 14.9 Let (E, p) be a Hausdorff locally convex space, and let A C E be p- 
compact. Then C0 A is p-compact if and only if CO A is complete for the Mackey topology 
u(E, E’). 


Proof 
We apply Theorem 14.8 with E equipped with the topology t := 4(E, E’); recall that the t- 
closure of co A is equal to the p- and o (E, E’)-closure, by Mazur’s theorem, Corollary 2.11. 
As A is p-compact, co A is p-precompact. Therefore the set Co A is o-compact if and 
only if it is e-complete. 
Now, if co A is p-complete, then it is t-complete, by Theorem 9.8. 
If the set CO A is t-complete, then it is o(E, E’)-compact by Theorem 14.8 (note that the 
p-compactness of A implies the o (E£, E’)-compactness), therefore o(E, E’)-complete, and 


then p-complete by Theorem 9.8. 


Notes Theorem 14.1 is due to M. Krein [Kre37] for separable FE and to Krein and 
Smulian [KrSm40, Theorem 24] for the general case. Proposition 14.4 is essentially 
from Bourbaki [Bou07b, II, §3, Proposition 5], and Proposition 14.5 uses the ideas in 
[Bou07b, II, § 3 and IV, § 7]. Lemma 14.7 is adapted from [Bou07b, IV, § 7, Exercice 10 
a)], and our proof of Theorem 14.8 is given as suggested in [Bou07b, IV, § 7, Exercice 
10]. Corollary 14.9 is taken from Schaefer [Sch71, Chap. IV, § 11.5]. 
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Weakly Compact Sets in L; (2) | Sites | 


In view of the discussion of properties of weakly compact sets in the last chapters, it 
seems appropriate to present examples of weakly compact sets in a non-reflexive space. 
Besides the characterisation of weak compactness of subsets of L;(), we will also 
show that L;(j) is weakly sequentially complete. 


In all of this chapter (Q, A, j) will be a measure space. 

A set H C L(y) is called equi-integrable if H is bounded and for any 
sequence (A,) in A with A, D> A,+; for all n € N and (),-yAn = @, one has 
sup ren Ja, |fldu—> Oasn> oo. 

The main objective of this chapter is to prove the Dunford—Pettis theorem, which 
asserts that weak relative compactness for a subset of L;(j) is equivalent to equi- 
integrability; see Theorem 15.4. 

We warn the reader that the notion of equi-integrability (also sometimes called 
‘uniform integrability’) in some references is defined without the requirement of 
boundedness, and quite generally, there are various definitions of equi-integrability 
around, not all equivalent. 

For functions f, g: Q — R we will use the notation [f > g] := {x EQ; f(x) > 
g(x)}, and similarly for [f > 0], etc. In order to obtain another formulation of equi- 
integrability where in the condition the terms 4, |f| dy are replaced by | f ed du|, 
we make the following observation. For f € L,(4), A € A there exists B € A, 
B C A such that f,|fldu < Alf, f dul. To show this we first observe that 
da lfldu< Ti |Re f| dutf, | Im f| dy, and without loss of generality we can assume 
that f,|Im f|du < f,|Re f|du. Let Ax := [4Re f > 0]; also without loss of 
generality we may assume that — f, Re f du < Sa, Re f dw. Then with B := A, one 
obtains 


[tian <2 f 1Re flan <4 Refan <a) f fay, 
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In what follows we will use the abbreviation A, | @ for a decreasing sequence (A,) 
of sets satisfying (),, An = 9. 


Lemma 15.1 A set H C Lj(2) is equi-integrable if and only if it is bounded and for all 
sequences (A,) in A with Ay | @ one has SUP feH | das f dul > 0asn—> ow. 


Proof 

It is trivial that the equi-integrability of H implies the condition. The converse implication 
will be proved by contraposition. Thus, assume that H is not equi-integrable. It is not 
difficult to show that then there exist ¢ > 0, a sequence (B,) in A, Bn | @, and a 
sequence (fy) in H such that Ss, \frldu > ze and JB Ifaldu < § for alln EN. 
Note that this implies that Bn\ Bust |fnl|djw > e for all n € N. Then, by the observation 
preceding the lemma, for each n € N there exists a set Cp € A, Cn © Bn \ Bn41 such that 
lfc, fn du] > 5 Sp,\p,., fnldu > 4. Defining An := Ugo, Cx (2 € N) we obtain A, | S 
and 


| f teanl>| fo tean|-f tfalan 
An An\An+1 An+1 


é é or 
>| fo tdul- | falda > 2-2 == 
Cn Bn4t 8 8 


hence, sup re | ie f du| > § forallneN. 


In the proof that equi-integrability implies weak relative compactness we will use 
the following weak compactness criterion for sets in Banach spaces. 


Lemma 15.2 (Grothendieck) Let E be a Banach space, and let A C E. Assume that for all 
€ > 0 there exists a weakly compact set Ag © E such that A C Ag +€Bg. Then A is weakly 
relatively compact. 


Proof 


Obviously A is bounded, and therefore a" 


—o(E" RF! 
show that a” a 


EE!) , . : 
is o(E”, E’)-compact. It is sufficient to 


C E. For ¢ > 0 one has 


—o(E" .E’) E" E') 


A CA,+eBe ” *) CA +eBpy, 
where for the last inclusion we have used that Ag+ ¢ Bev is o(E”, E’)-compact. This implies 
that 


—o(E",E') 


A ‘e (\(Ac +eBrv). 


e>0 


: es E" E’ 
Given x € re ) 


Xn + Yn = x (n EN). From y, — 0 one concludes that x, — x (n > oo), hence x € E. 


, one obtains sequences (x,) in E, (yn) in E", xX € At/ns llynll < 1/n, 
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In order to apply this criterion we have to deduce the required ¢-approximation from 
the equi-integrability. This will be provided by the following lemma. 


Lemma 15.3 Let H C L,() be equi-integrable. Then: 

(a) For any & > O there exists 6 > 0 such that B € A, (B) < 6 implies that Ie |fldu<e 
forall f € H. 

(b) For any € > 0 there exists B € A with u(B) < oo such that Joys |fldu < e for all 
fed. 

(c) For any ¢ > 0 there exist B € A with u(B) < co andn€éN such that SUP feH Safi = 
n1g)* du <e. 


Proof 
(a) Assume that the assertion does not hold. Then there exists ¢ > O such that for all n € N 
one can find a set B, € A with w(Bn) < 27” and f, € A such that Sn, du > e. Then 
Bo := Qnen Uren Be is a -null set, and setting Ay := Oa Bx) \ Bo one obtains a 
sequence (A,) in A such that A, | @ and Ti \fnldu > Ss, |faldu > e foralln EN, 
which contradicts the equi-integrability of H. 

(b) Assume that the assertion does not hold. Then there exists ¢ > O such that for all 
B é€ A with w(B) < oo one can find f € A such that Joys |f|du > e&. This implies that 
there exist a disjoint sequence (B,) in A with 4(B,) < oo for all n € N and a sequence 
(fn) in 1 such that Ss, \fnldu > e for alln € N. Setting Ay, := Uren By we obtain a 
sequence (A,) in A, A, | @, with ve |fnl| du > e for all n € N, which contradicts the 
equi-integrability of H. 

(c) Let ¢ > 0. Because of part (b) above, there exists B € A with (B) < co such that 


[ lfldu<e/2 (feH). (15.1) 
Q\B 


Define c := sup yey || f ||. By part (a), there exists 5 > 0 such that Sta |f|du < e/2 for all 
f € FH andall A€ A with w(A) < 6. ForneN, f € A we obtain 


cof (Aide SaetiAl Sab, 


For n > c/6d we conclude that (| f| > n]) < c/n < 4; hence 


iisi-mri= fe fl-mdu <e/2 (fet n> cfd). (15.2) 


Combining (15.1) and (15.2) we obtain the assertion. 


We mention in passing that in fact a set H C Lj (uw) is equi-integrable if and only 
if H is bounded and the properties asserted in (a) and (b) of Lemma 15.3 are satisfied. 
Another noteworthy consequence of part (b) is that an equi-integrable set H always 
‘lives on a o-finite subset of Q’: There exists a o-finite subset B € A such that f lo\k = 
0 for all f € A. 
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For one of the equivalences in the main result of this chapter we introduce the 
following notation. For a disjoint sequence (B,,) in A we define the mapping 


iusto Pik (| fn) 


B, néeN 


Obviously L,g,) is a continuous linear operator, even a contraction. 


Theorem 15.4 (Dunford-Pettis) 
For H © L,() the following properties are equivalent: 
Gj) A is equi-integrable; 
(ii) H is weakly relatively compact; 
(iii) for each disjoint sequence (By) in A the operator L(z,) maps H to a relatively 
compact subset of £. 


Proof 

(i) > (i). Let e > 0. We choose B and n as asserted in Lemma 15.3(c). In L2(B, pg), 
where j1g denotes the restriction of the measure jz to. AN B, the set {f E€Lo(us); |fl< nt 
is bounded, convex and closed, hence weakly compact (because L2(jg) is reflexive). 
The embedding L2(ug) — Ly(eg) is continuous, hence, by Lemma 6.3, continuous 
with respect to the weak topologies, and as a consequence the set { feLli(u): |fl < 
nip} is weakly compact in L;(j). The inequality in Lemma 15.3(c) shows that H C 
{f Ee Li(u); |fl < nip} + Bru), &). Now Lemma 15.2 implies that H is weakly 
relatively compact. 

(ii) > ii). As Lig): Li(w) — £1 is a continuous operator, this operator is also 
continuous with respect to the weak topologies; hence L,g,)(H) is a weakly relatively 
compact subset of £;, and Corollary 5.10 implies that L(g,)(/) is relatively compact. 

(iii) = (i). Let (A;,) be a sequence in A, A, | @. We define B, := Ay \ Anzai (n EN). 
Then (B,,) is a disjoint sequence in A. 

Clearly, L(g,)(#) is bounded. Recall from Example 5.6(i) that the relative compactness 
of L(g,)(H) is equivalent to sup rex > opan | Sn, f du| — 0 asn — oo. Observe that 


[fsuls df re (f eH, neN). 


Hence, Lemma 15.1 implies that H is equi-integrable. 


As the second important result of the present chapter we show that L (jz) is weakly 
sequentially complete. For £;, this property had already been shown in Theorem 5.8; 
see also Remark 5.9. 
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Theorem 15.5 
Let (fn) be a Cauchy sequence in L(1) with respect to the weak topology. Then (fn) 
is weakly convergent. 


Proof 
Let (B;) be a disjoint sequence in A. Then it is immediate that (L(,) fn)n is a weak Cauchy 
sequence in ¢;; recall Lemma 6.3. Theorem 5.8 implies that (L(g,) fn)n is convergent, and 
therefore the range of the sequence is relatively compact in £1. 

Now Theorem 15.4 shows that the set { yi ne N} is weakly relatively compact. 
This implies that the sequence (f;,) possesses a weak cluster point. Being a weak Cauchy 


sequence, it is convergent in the weak topology, by Remark 9.1(b). 


We conclude this chapter by some additional comments. 


Remarks 15.6 (a) It is not difficult to show that the equi-integrability of a set H C L(y) 
is equivalent to the condition that for each ¢ > O there exists g € Li(j)+ such that 
sup ren Ji sj>g|fldu < &. 
Concerning the necessity of this condition, the function g can be found in the form g = clg 
for suitable c > 0 and B € A with (B) < 00; see Lemma 15.3(c). The sufficiency is rather 
immediate. 

(b) Theorem 15.4 implies: If H C L1(j2) is weakly relatively compact, then the set 


{feLliwW; there exists g € H such that | f| < igi} 


is weakly relatively compact. In particular, for every g € Lj (;2)+ the order interval 


[-g.gl:={feli: -g<f<e} 


is weakly compact. 
Similarly: If g € L;(R)+, then the set {g(- — y); 0 < y < 1} is compact (because the 
mapping y + g(- — y) is continuous); hence, 


{f €Li(w); |f| < g(- — y) for some y € [0, 1]} 
is weakly relatively compact. A 


Notes Theorem 15.4 is due to Dunford and Pettis [DuPe40, Theorem 3.2.1]. 
Lemma 15.2 is attributed to Grothendieck in [Die84, XIII, Lemma 2]. With the aid 
of this lemma the proof that equi-integrability implies weak relative compactness, in 
Theorem 15.4, is rather natural. The author was at a loss for finding a short ‘measure 
theory-free’ proof of the reverse implication, in the literature. The device to use 
the operators L:z,) in Theorem 15.4 is present in the original paper [DuPe40], for 
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‘decompositions’ of the measure space. The weak sequential completeness of L;(j1), 
Theorem 15.5, is due to Dunford and Pettis as well [DuPe40, p. 377]. 

Our definition of equi-integrability can be found implicitly in [DuSc58, 
Theorem IV.8.9, Corollary IV.8.10 and their proofs]. The characterisation of equi- 
integrability mentioned in Remark 15.6(a) is taken as the definition in [Bau90, § 21] 
and appears in [Bog07, Theorem 4.7.20] as one of the equivalences of weak relative 
compactness of a set. 
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The issue of this chapter is to present an example where one can compute the bidual of 
a locally convex space without having an explicit description of the dual. This example 
could have been inserted much earlier, in fact after Chapter 8. We have preferred, 
however, to first pursue more theoretical developments. 


The spaces mentioned in the title of the chapter are 
By = Bo(R") = CPR"), B= BR") := CPR’), 
provided with the norms p,, (m € No), 


Pm(f) = sup ors aN anae lle" Filses 


xeER",|a|<m 


These spaces are Fréchet spaces, and Bo is the closure of D(R"”) in B(R"). 

We recall from Theorem 3.2 how the bidual of a Hausdorff locally convex space can 
be obtained as a subset of E (with the neighbourhood base of zero U’ := {B° e BGS 
E bounded} of (E’, B(E’, E)), and the polars in the dual pair (EZ, E’) denoted by ‘e’): 


E’=- (E’, BCE’, E)y = U ue = U Bee 


Ucu’ BCE bounded 


——~« (E",E’) 
= U aco B : 
BCE bounded 


(16.1) 


Our aim is to show that Bj = B (in a suitable interpretation). We will do this in four 
steps, as follows: 
1. Determine the bounded sets of Bo and B. 
2. Show acontinuity property of the elements of 6), allowing to extend them to B. 
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3. Embed B into Bf, determine the o(B5*, Bj)-closures of bounded sets of Bo, and 
show that Bj = B as sets. 
4. Show that 6(B, B)) is the Fréchet space topology of B. 


Ad 1. A set A C Bo is bounded if and only if supre4 px(f) < 00 for all k ¢ N. This 
means that for any sequence c = (cx)x € (0, oo)%° the set 


Ac = {f € Bo: pe(f) < cx (kEN)} 
is bounded. Therefore, the collection 
M := {Ac; c€ (0, 00)"}. 
is a cobase of bounded subsets of Bo, and this implies that 6(B5, Bo) = tm, and that 


{Ars 


Cc? 


c € (0, 00)"°} 


is a neighbourhood base of zero for B (Bj, Bo). 
Analogously, a set A C BG is bounded if and only if A C A, := {f EB; pf) < 
ce (KE N)} for some sequence c = (cx) in (0, oo). 


Ad 2. We note that the embedding D — Bp (with D := D(R")) is dense and 
continuous. This implies that Bj C D’, in the sense that u|p € D’ for all u € Bo. 


Lemma 16.1 Let u € Bo: Then there exist m € No, C > 0 such that 


Kf, u)l< Cpm(f) Cf € Bo). 


For all ¢ > 0 there exists a compact set K C R" such that for all gp € D with sptpN K = @ 
one has 


(@,u)| < EPpm(¢). 


Proof 

The first statement is just the continuity of wu. 
Assume that the second property does not hold. Then there exist ¢ > 0 and a sequence 

(gx) in D with disjoint supports, pm(gx) = 1, (ge, u) > € (k EN). Then pa gj) ED, 

Pn ji g)=1, (Sia gj,u) > ke (k EN). Because of ke — 00 (k > 00) one obtains 

a contradiction to the first inequality. 


For all m € No there exists M,, > 0 such that 


Pm( £8) < Mn Pm(f) Pm(g) 


for all f, g € B; a consequence of the product rule. 
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Let (nx)cen be a special approximate unit, i.e., (7,) is a sequence in D which is 
bounded in B, and for each compact set K C R” one has that n.|x = 1 for large k. 


Lemma 16.2 Let u € B). Then for f € B the limit 
(f,u)y* := lim (nx fu) 
k->oo 
exists. If A C B is bounded, then 


(nefu) > (fru)* (k > 00), 
uniformly in f € A, 
Proof 
Let m € No be as in Lemma 16.1. Let ¢ > 0. Then for 
gis : 
= 2Mmn Pm (f) SUPzeN Pm (nx) 


there exists a compact set K C R"” such that for all g € D with spte 1 K = © one 
has |(g,u)| < &’pm(g). By the properties of (nx), there exists ko such that yz = 1 in 
a neighbourhood of K, for k > ko. For k,/ > ko one therefore has (nx — m1) f € D, 
spt ((nk _ nf) 1 K = @, hence 


nk f, u) — (mf, u)| = (ne — m) fu) 
< e’ pm (ne — m)f) < &' Mn pm (nk — n1) pm(f) < €. 


This shows the existence of (f, u)*. 
There exists c € (0, oo)No such that A C Ac. Put 


E 
~ 2MmCm SUPpeN Pm (Nk) 


an 
é. 


With the compact set K C R” and kg chosen as above, one deduces that 


lnk fu) — (f,u)*| < e'My,2 oP Pm(nk)Pm(f) < € 
ke 


for all f € Ac, k > ko. 


Remark 16.3 Let u € Bo. Then there exist m,C as in Lemma 16.1, which means that 
u € (Bo, Pm)’. The mapping 


J: (Bo; Pm) 3 fe (8% fal<m € Co(R" Pe es Em 
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is isometric. The Hahn—Banach theorem implies that there exists 7 € E’, such that u = 
io j. Since Co(R")’ = M,(R") (Borel measures of finite total variation; the Riesz—Markov 
representation theorem), there exist 4g € M¢(R”), for |a| < m, such that 


(hid =D fe Fate = Cv f Oe) 


lal<m lal<m 


=(f >) Cala ue) — (f € Bo), 


lal<m 


where the derivatives on the measures are to be interpreted in the distributional sense. In 
particular, one then obtains 


du)" = | ano. 


The elements of Bf are called integrable distributions. A 


Ad 3. Evidently, (-, -)* is a bilinear form on B x By and therefore induces a linear 
mapping Kk: B > By, K(f)(u) := (fu). 

First we show that (f, u)* = (f,u) forall f € Bo, u € Bp. Indeed, n, f > f in Bo, 
because 


8% (% — Vflleo < So (8° "F(z — Diloo sup 8" F(x) > 0 


0<B<a XE spt(—1) 


as k —> oo, for all a € Nj. Therefore (7 f,u) — (f,u) (k > 00). This shows that « is 
an extension of the canonical embedding x : By — Bo. 

Also, « is injective. Indeed, let f € B such that (f, u)* = 0 for all u € Bo. As the 
evaluation functionals 5, are elements of Bj, one obtains 


0=(f, dx)" = f(x) eR"), 
i.e., f = 0. Now that we have embedded 6G into B5 we can consider the dual pair 
(8, 6) with the bilinear form (-, -)*. 

In the following we denote by p the standard topology of € = E(R") (= C™*(R"), 
provided with the topology of compact convergence of all derivatives). Let c € (0, 00)™. 
As B <> E is continuous, the set A, is bounded (and closed) in €, and therefore A, is 
compact in €, because € is a Montel space; see Chapter 8. 

Lemma 16.4 Let u € By, c€ (0, o0)No, Then the mapping 


Aca fis (fay eK 


is continuous with respect to the topology p. 
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Proof 
For k € N the mapping f +> (nx f,u) is continuous with respect to p (because € 3 f te 
nk f € Bo is continuous). By Lemma 16.2, these mappings converge uniformly on Ae to 


(f, u)*. This implies the assertion. 


Theorem 16.5 

Let c € (0, 00)%, Then: 

(a) A¢ is o (B, By)-compact, and A¢ 
(b) There exists d € (0, 00)®® such that Ae C Ag 
(c) By =B (as sets). 


—o (Be, B)) c re 
—o (Bi, By) 


Proof 

(a) For u € Bo the mapping Ac > f & (f,u)* is continuous with respect to p 9 Ag by 
Lemma 16.4. As 0 (B, Bj) N Ac is the initial topology with respect to the mappings f b> 
(f,u)* (u € BG), one obtains the continuity of id: (Ac, pN Ac) > (Ac, o (B, By) N Ac). 
Therefore, the p-compactness of (Ac, pn Ac) implies the o(B, Bo )-compactness of Ac, 
which in turn implies that A. is o (Bo. By)-closed. Then from Ac € Ae one obtains the 
asserted inclusion. 

(b) For f € Ae, m € No one has 


Pm(9kf) < Mm sup Pm()k)Cm =: dn- 
keN 


Therefore A, C Ag Az? Po: Bo) 


(c) From the representation (16.1) of the bidual we now obtain 


— B'* Bi 
B= LU arr’ — B. 


cE (0,00)No 


Ad 4, We show that 6(B, Bj) is generated by the set of norms {p;,; k € No}. 

The space Bo is a Fréchet space, therefore quasi-barrelled, and by Theorem 6.8 
the strong topology 6(B, Bj) coincides with the natural topology on B = Bj, with 
neighbourhood base of zero 


o(B,By) 


{aco U : Ueu}, 


if U/ is a neighbourhood base of zero of Bo. 
A neighbourhood base of zero of B is given by 


A 


U:= Une meéeNo, €> O}, 
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where ois = {f EB; pm(f) < e}, and with Ujn. := U6 M Bo, the collection 
U := {Une; m €No, & > O} 


is a neighbourhood base of zero of Bo. 
For ¢ > 0, m € No we now show that 


——<(B,B},) 


Onis Cc Ones 


For x € R", |a| < m one has 0%6, € Bh, (f,0%5,)* = (—1)!*!0% f(x) (f € B). 
Therefore 


Ome= [) {fFeBs la s@l<e} 


xeER", |al<m 


is 0 (B, Bh)-closed. 
On the other hand, if f € Um,., then 


Pul(tkf) < Min Pm (Nk) Pm(f) < Nmn€, 


where Ni, := Mm SUPzen, Pm (7k) < 00. This implies that 


7 (BB) a 
Un Nye > Une. 
; . — a (B, By) 
This shows that on B the neighbourhood bases of zero {Cag ;meéeNo, 


éE> O} and U/ are equivalent, i.e., they generate the same neighbourhood filter of 0. 


Remarks 16.6 (a) If Q C R” is open, then Bo(Q) and B(Q) are defined in the same way 
as above for R”. For this case it was shown in [DiVo80, Theorem (4.8)] that the bidual of 
Bo(Q2) can be identified in a similar way as above with the space 


B(Q) := {f €B(Q); for every a € No there exists an extension fy € C(Q) 
of d°f satisfying folgq = 0}. 
(b) Recall from Example 8.4(b) that for bounded Q the space Bo(Q) = CF°(Q) is 
reflexive. The bidual BQ) indicated in part (a) above, for general open sets Q C R’”, 


can be considered as a “mixture” of the cases treated in Example 8.4(b) and in the present 
chapter. A 


Notes The example presented in this chapter was first treated by L. Schwartz [Sch54]; 
see also [Sch66]. The presentation given above follows [DiVo80]. 
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The Krein-Milman Theorem | Gates | 


The Krein—Milman theorem asserts that in a Hausdorff locally convex space all points of 
a compact convex set can be approximated by convex combinations of its ‘corners’. We 
show that this can be reinforced to the statement that all points of the set are barycentres 
of probability measures living on the closure of the extreme points of the set. An 
interesting application to completely monotone functions on [0, 00) yields Bernstein’s 
theorem concerning Laplace transforms of finite Borel measures on [0, oo). 


Let E be a vector space, C C E. A set A C C is called an extreme subset of C 
if A # @, and if x, ye¢C,0 <t < 1 are such that (1 —t)x + ty € A, thenx, ye A. 
(Convex extreme subsets are also called ‘faces’.) An extreme point of C is an extreme 
subset consisting of one point. The set of extreme points of C will be denoted by ex C. 


Examples 17.1 
(a) As a first example we consider a triangle C in the plane. The extreme points are the 
vertices. As extreme subsets one obtains, besides the vertices, the edges and the whole 
triangle. 

(b) For the closed unit ball in the plane (or in R”), the extreme points are the points of 
the unit sphere. 

(c) Looking at the convex hull C of the points (1,0,1), (1,0,—1) and the circle 
1G, y,O)€ R?; x24 y? = 1} in R?3, the set of extreme points is 


{(1, 0, 1), 0,0,-D} U{@, y,0); @, y) ER? \ {0 O}, 27+ y? = 1}. 


(The point (1, 0, 0) is not extreme as it belongs to the line connecting the points (1, 0, 1) and 
(1, 0, —1).) This example makes it clear that the set of extreme points of a compact convex 
set need not be closed. 

(d) In Proposition 17.9 it will be shown that the extreme points of the set of probability 
measures on a Hausdorff compact space are Dirac measures. A 
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Remarks 17.2 Let E be a vector space, 2 #C C E. 

(a) If Ag C Ay C C, A is extreme in C, and Ao is extreme in Aj, then it is easy to see 
that Ag is extreme in C. 

(b) If K = R, and x* € E* is bounded below on C, and 


A:= {x €C; x*(x) = inf x*(y)} # @, 
yec 
then it is easy to see that A is an extreme subset of C. A 


Lemma 17.3 Let E be a Hausdorff locally convex space, and let C C E be non-empty and 
compact. Then C possesses an extreme point. 


Proof 
Without loss of generality, take K = R. The set 


A:= {A CC; A closed, extreme in c} 


is ordered by inclusion and non-empty (because C € A). Let A; be a chain in A. Then 
Aj i= () A 4 @, because C is compact. It is easy to see that A; is extreme, and therefore 
A, is a lower bound of A;. By Zorn’s lemma, there exists a minimal element Ao of A. Now 
it will be sufficient to show that Ag is a singleton. 

Assume that there exist x),x2 € Ao, x1 4 x2. By Theorem 2.6, there exists x’ € E’ such 
that x’(x1) < x’(x2). Then the set 


A:= {xe Ao: x’(x) = inf x’ 
{x € Ao: x’(x) inf x'O)] 


is non-empty, because Ag is compact and x’ is continuous. From Remark 17.2 it follows that 


A is extreme in C. Since of A C Ao, we obtain a contradiction to the minimality of Ao. 


Theorem 17.4 (Krein—Milman) 
Let E be a Hausdorff locally convex space, and let C © E be compact. Then C © 
coex C. If C is convex, then C = CoexC. 


Proof 
Without loss of generality, take K = R. Assume that there exists x9 € C \ Co ex C. Then, by 
Theorem 2.6, there exists x’ € E’ such that 


x’ (x9) < inf {x’(y); ye Tex C}. 
By Remark 17.2(b), 


_ > x/(x) = inf x’ 
Co := {x EC; x'(x) inf x'Q)} 
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is an extreme subset of C, and CoNex C = @. From Lemma 17.3 we know that Co possesses 
an extreme point, which by Remark 17.2(a) is also an extreme point of C; a contradiction. 
If additionally C is convex, then C C toexC CCOC =C. 


Remarks 17.5 (a) If E is a normed space, then the closed unit ball C := Bp: is o(E’, E)- 
compact, by the Banach—Alaoglu theorem. The Krein—Milman theorem implies that C = 
cox Therefore, if in some Banach space the closed unit ball has too few extreme 
points, one concludes that this space cannot be the dual of a normed space. 

(b) For the space C([0, 1]; R) it is not difficult to see that the only extreme points of the 
closed unit ball are the constant functions 1 and —1. This implies that C({0, 1]; IR) is not a 
dual space. 

(c) It is not difficult to show that the closed unit balls of cp and L (0, 1) have no extreme 
points. Again, this implies that co and L1(0, 1) are not dual spaces. A 


Remarks 17.6 (a) Rudin [Rud91, Theorem 3.23] proves the following version of the Krein— 
Milman theorem (without local convexity): Let (E,, tT) be a topological vector space with the 
property that E’ separates the points of E, and let C C E be a compact convex set. Then 
C =coexC. 

We derive this from Theorem 17.4. Note that the hypotheses imply that o(E£, E’) C tisa 
Hausdorff locally convex topology on E. This implies that C is o(E, E’)-compact, and in 
fact that tT 1 C = o (E, E’) NC (by Lemma 4.12). Therefore Theorem 17.4 shows that 


——So(E,E' = 
C=cwoexc” Y=5 exC. 


(b) We recall that in Theorem 17.4 the closed convex hull of the set C need not be 
compact; see Example 4.10. In contrast to the formulation in Theorem 17.4, in part (a) above 
the set C is required to be convex. 

(c) If E is a non-locally convex topological vector space, then there may exist compact 
convex sets without extreme points; see [Rob76, Rob77, KaPe80]. A 


The Krein—Milman theorem amounts to the statement that every element of C can 
be approximated by convex combinations of extreme points of C. Next, we modify this 
statement to the effect that every point of C can be obtained as the barycentre of a 
probability measure on €x C. 

Let E be a Hausdorff locally convex space, let C C E be compact, and let uw be a 
probability Borel measure on C. Then 


i; x du(x) € E* 
Cc 


(defined in Chapter 14) is called the barycentre of ju. 
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Corollary 17.7 Let E be a Hausdorff locally convex space, and let C C E be a compact set. 
Then every point of co C is the barycentre of a probability Borel measure on &x C. 


Proof 
em restriction K = R. The set Ce := €xC is compact. Let x9 € CoC. 
We define the subspace L C C(C,) by 
LoS {x'le.; xe E'}. 
On L we define the linear functional g: L — R by 
(x'Ic,) = x' (0). 
In order to see that ¢ is well-defined we note that 


x! (GC) Cx (Ce) C XC0Ce) = [ min x! (x), max x'(x)]. (17.1) 
xECe xECe 


Therefore, if x’, y’ € E’ coincide on Cg, then x’(x9)— y’ (x9) = 0. Moreover, for the sublinear 
functional p: C(C.) > R given by 


D(f) = max f(x) (f €C(Ce)), 
xECe 
(17.1) shows that g(f) < p(f) for all f € L. Using Theorem A.2 and then Example A.5, 


we deduce that there exists a probability Borel measure 44 on Cz such that x/(x9) = 
Se. x’ (x) d(x) for all x’ € E’. 


Remarks 17.8 (a) We note that Corollary 17.7 can also be deduced from Proposition 14.4. 
Indeed, from Theorem 17.4 we know that C C CoC, (with Ce = €xC). Therefore 
Proposition 14.4 implies that 


mocau” = { xdu(x); eMC}. 


e 


(b) Note that our hypotheses do not imply that co C is compact. 

(c) Corollary 17.7 can be considered as a starting point of the Choquet theory. One aim 
of this theory is to investigate the question under what conditions the measure representing 
a point in COC is carried by ex C instead of its closure. We refer to [PheO1] for further 
information. A 


We illustrate Corollary 17.7 with the set of probability measures on a Hausdorff 
compact space X. We equip C(X)’ = M(X) — see Remark 14.3 — with the vague 
topology t, = o(M(X), C(X)). Then M(X), the set of regular Borel probability 
measures, is a (vaguely) compact subset of MM(X), by the Banach—Alaoglu theorem. 


135 
Chapter 17 + The Krein—Milman Theorem 


Proposition 17.9 Under the previous hypotheses, the extreme points of M,(X) are given 
by the set {5, ; x € X} of Dirac measures. 


Proof 
Let x € X. If wo, wr € M1 (X), 0 < t < 1 are such that 6, = (1 — t)uo + tt, then 
1 = 8 ({x}) = U — t)mo({x}) + tui ({x}), and this forces po({x}) = wi({x}) = 1, Le. 
Ho = M1 = dbx. 

On the other hand, if 2 € MM (X) is not a Dirac measure, then there exists a Borel set 
A C X such that 0 < (A) < 1, and defining 


Ho(B) °= qyqy (ANB), M(B) = aeayH((X\A)NB) (BC X Borel set) 


one obtains 40, W1 € Mi(X), w = w(A)uo + u(X \ A). This shows that yw is not an 
extreme point of M1 (X). 


The mapping X > x b> 4, € (ex. M,(X), ty) is continuous — indeed, the mapping 
X>x & (f,dx) = f(x) is continuous for all f € C(X) -, and Lemma 4.12 
implies that this mapping is a homeomorphism. Identifying X and ex M(X) by this 
homeomorphism, the integral representation of w € M,(X) in Corollary 17.7 is given 
by 


w= f duce 
x 
indeed, 
(f, n= | fau= fexdduo = f UF 8.) d(x) 
xX xX xX 


for all f € C(X). 

In the context of probability measures on Hausdorff compact spaces we also mention 
an interesting application of the Krein—Milman theorem in ergodic theory, yielding 
the existence of ergodic measures for topological dynamical systems; see [EFHN15, 
Proposition 10.4]. 

Quite clearly, the Krein—Milman theorem has a strong geometric flavour. In order 
to illustrate its analytic importance we will treat an application of the Krein—Milman 
theorem, in particular of Corollary 17.7, to completely monotone functions. The aim is 
to present a proof of Bernstein’s theorem, Theorem 17.12. 

Let E := R'-~), equipped with the product topology t,. For a > 0 we define the 
linear mapping A,: E > E, 


Agf:=fcta—f  (fee£). 
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A function f € E is completely monotone, if 
(—1)"Aa, +++ Aa f 2 0 
for alln € No, aj,...,a, > 0. 


Remark 17.10 If f is completely monotone, then f > 0 (from the condition for n = 0), f 
is monotone decreasing (from the condition for n = 1), and f is convex (from the condition 
for n = 2). (To make the picture more complete: The condition for n = 2 implies the ‘mid- 
point convexity’ of f, but this together with the monotonicity implies the convexity.) The 
convexity of f implies that f is continuous on (0, 00). A 


In the following we want to apply Corollary 17.7 to the set 
C= {f € E; f completely monotone, f (0) = 1}. 


It is easy to see that C is a compact convex subset of E. 
For a € [0, co] (the one-point compactification of [0, 0©)) we define 


eo, ifa €[0, co), t > 0, 
Sa(t) = : 
lo (0), ifa=o,t>0. 


Then gy € C for all w € [0, oo]; it is elementary to verify the conditions defining 
complete monotonicity for the functions gy. 

Clearly, the mapping [0, 00] 5a — g, € E is continuous, and because it is injective, 
it is ahomeomorphism onto it range. 


Lemma 17.11 exC = {ga a é[0, oo]}. 


Proof 
It is obvious that go, oo € ex C. Clearly, go and goo cannot be the only extreme points of 
C, because the convex hull of {go, goo} is not dense in C, which would contradict the Krein— 
Milman theorem. 

Let g € exC, g ¥ 80, Boo. Then there exists a > 0 such that 0 < g(a) < 1. We define 


fi a (+a) f | = (bya (24 ) 
Pr @er es PT g@e 8 ~ T=g@* 78" 


Then fi, f2 €C and g = g(a) fi + Ul — g(a)) fo. AS g € exC, this implies that g = fi, 
g(t)g(a) = g(t +a) (17.2) 


for all t > 0. This equality implies that g(t) 4 0 for all tf > 0, and as a consequence one 
deduces that (17.2) holds for all a, t > 0. It is well-known that the functional equation (17.2), 
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together with g(a) < 1 and the continuity of g on (0, 00), implies that there exists a > 0 
such that g = gy. 

For b > 0 we define the linear mapping Jp: E > E, f > f(b-). Then Jp: C > C 
is bijective, and a function g € C is an extreme point if and only if Jpg = g(b-) is an 
extreme point. Note that Jpg = ga(b-) = gba for alla, b > 0. Since the functions gq, for 
a > 0, are the only possible extreme points besides go, goo, it follows that all of them belong 
toexC. 


Theorem 17.12 (Bernstein) 
(a) Let f € E = R!®-©) be completely monotone, f(0) = 1. Then there exists a 
unique probability Borel measure jz on [0, 00] such that 


f= [, sec dnta) = f e ™ du(a) + w({oo}) 1) (17.3) 
00 ,00) 


for allt > 0. 
Moreover, f is infinitely differentiable on (0,00), and f is continuous (at 0) if 
and only if 4({oo}) = 0. 

(b) Conversely, if u is a probability Borel measure 1 on (0, oo], then (17.3) defines a 
completely monotone function satisfying f (0) = 1. 


Proof 
(a) From Corollary 17.7 we know that there exists a probability Borel measure v on Ce = 
ex C such that f = Ic. g dv(g). From Lemma 17.11 we know that ex C is closed and in fact 
homeomorphic to [0, 00]. This implies that one can transport v to [0, oo] and thereby obtain 
a probability Borel measure yz on [0, 0] such that f = [0,00] Sa du(a). Then the continuity 
of the evaluation functionals E 5 f + f(t) € R implies (17.3) (¢ € [0, o0)). 

In order to show the uniqueness of j we define the functions yy, € C[0, co] fort € [0, oo), 


Wi(a):=e (awe [0, oo]) 


(where (00) = 0, fort > 0, Wo(co) = 1). Then lin {Wi ; te [0, co) } € C[O, co] is an 
algebra containing the constant functions and separating the points of [0, oo], so it is dense in 
C[0, co], by the Stone—WeierstraB theorem (see [Bou74, X, § 4.2, Théoréme 3]). It follows 
that the measure ju, identified with the corresponding functional jz € C[0, oo]’, is uniquely 
determined by its values 


WW) = [, a du(a) = ft) (¢ €[0, oo)). 


By the uniqueness in the Riesz—Markov theorem, this implies that the measure jz is uniquely 
determined. 
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From the representation (17.3) one deduces, by differentiation under the integral sign, 
that f is infinitely differentiable. The number jz({oo}) corresponds to the jump of f at 0. 

(b) As gq is completely monotone for all a € [0, oo], the formula (17.3) implies that f is 
completely monotone. From jz([0, 00]) = 1 one obtains f (0) = Sto.co} ldu(a) = 1. 


Remarks 17.13 (a) Bernstein’s theorem implies that the set of continuous completely 
monotone functions f: [0,0o) — R is equal to the set of Laplace transforms of finite 
(positive) Borel measures on [0, oo). 

(b) Theorem 17.12 also shows that completely monotone functions are infinitely 
differentiable on (0, oo), and satisfy f(0) > limsup,_,9, f(t) and 


(-1)"f™ >0 MeENd), (17.4) 


where the latter inequalities are a consequence of (17.3). In fact, these properties characterise 
complete monotonicity. The sufficiency of (17.4) is obtained by a (careful!) repeated use of 
the mean value theorem. A 


Notes The Krein—Milman theorem was first shown in [KrMi40], for duals of Banach 
spaces E and the topology o(E’, E). The author could not find an original source for 
Corollary 17.7; however, the idea to represent points of the closed convex hull of a 
bounded set S as “barycentres’ of suitable positive functionals on the set of continuous 
functions on S appears already in the paper of Krein and Smulian [KrSm40, Theorem 2]. 
Bernstein’s theorem is a classical example for illustrating the Krein—Milman theorem 
in the form of Corollary 17.7. Our exposition is based on [Phe01, Sec. 2], [LMNS10, 
Sec. 14.7]. 
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For a vector space E over C, we denote by Eo the associated vector space over R, i.c., 
the vector space obtained by restricting the scalar multiplication to R x E. 


LemmaA.1 Let E be a vector space over C. The mapping 
j: (E")o > (Eo)*, 9 > Reg, 

is an R-linear isomorphism. For g € E* one has 
v(x) = Reg(x) —iRe g(ix) (xe E). 

Proof 


It is easy to check that 7 is an R-linear mapping from (E*)o to (Eo)*. 
The isomorphism property is proved by checking that the inverse of 7 is given by 


iW) =v) —iv(ix) =~ (WE E, We (Eo)"). 


Theorem A.2. (Hahn-Banach, analytic form) 
Let E be a vector space, and let p: E — R sublinear. Let L C E be a subspace, and 
let p € L* satisfying 

Re g(x) < p(x) (xe L). 


Then there exists an extension ® € E* of y such that 


Re ®(x) < p(x) (x € E). 
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Proof 
Because of Lemma A.1 it is sufficient to treat the case of a real vector space. Thus, assume 
that K = R. 

(1) In the first step we show that there exist maximal extensions of g. In order to do this 
we introduce the set 


Z3= {wv ; w linear extension of g toa subspace domy C E, 


W(x) < p(x) (x € dom y)}. 


(Here, dom w denotes the domain of w, the extension property of w implies in particular 
that dom y > L.) Then obviously the set Z is ordered by the inclusion of the graphs of its 
elements. Let Y C Z be a chain (a linearly ordered subset). Then an upper bound n € Z of 
¥ is obtained by 


dom 7 := U domy, n(x) := w(x) Wey, xe domy). 
wey 


Now Zorn’s lemma implies that Z contains maximal elements (with respect to the order 
defined on Z). 

(ii) To show the assertion it now is sufficient to show that maximal elements yy € Z 
satisfy dom Ww = E. 

Let y € Z, F := dom yw, and let a € E \ F. Then the elements z € lin(F U {a}) are given 
by z = x + Aa, with x € F and A € R uniquely determined by z, and the extensions of w to 
lin(F U {a}) are given by 


Wye tira) =Wx)t+aAy (we F, AER), 
with y = w,(a) € R. We have to show that one can choose y such that 
Wy (x +Aa) < p(x+da) (xe F, VER). 


It is easy to see that it is sufficient to have the last inequality for 7 = +1. So, we have to 
show that there exists y € R such that 


Va)ty< pata) WEF), 


vVO)-vY<pO-® WEF); 


(A.1) 


or, put together, 


wW(y)- py -a<y<pawta)—wx) (, yEeF). 
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Now, for all x, y € F one has 


VO)+0Q) =W+x) < pO +x) < PY - a) t+ pa +a), 
wy) — py — 4) < px +a) — Wa); 


hence 


S:= sup (W(y) — p(y —a)) < inf (p(x +a) — W)) = 1. 
yeF xeF 


As a consequence, the desired inequalities (A.1) are satisfied for all y € [S, J]; hence y is 


not maximal. 


Corollary A.3 Let (E, p) be a semi-normed space. Let L C E be a subspace, and let pg € L* 
be such that 


lp@)|< p@) wel). 
Then there exists an extension ® € E* of such that 
IP@)| < p@) Wwe). 
Proof 
AS a semi-norm, p is a sublinear functional. By Theorem A.2 there exists an extension 
® € E* of ¢ satisfying 


Re ®(x) < p(x) (WeEE). 


Let x € E. Then there exists y € K with |y| = 1 such that |®(x)| = y®(x) = ®(yx). This 
implies 


|®(x)| = Re P(yx) < p(vx) = pr). 


Corollary A.4 Let (E, p) be a semi-normed space, and let x € E be such that p(x) # 0. 
Then there exists x' € E’ such that ||x’\| = 1 and (x, x') = p(x). 


Proof 
Apply Corollary A.3 to L := lin{x} and g € L*, defined by g(Ax) := Ap(x) (A € R). 


We include the following example to illustrate the usefulness of the “sublinear 
functional version” (Theorem A.2) of the Hahn—Banach theorem. 
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Example A.5 
Let K be a compact topological space. On C(K) we define p: C(K) > R, 


p(f) = maxRe f(x) (fe C(K)). 


It is easy to see that then p is a sublinear functional. 
Let gy € C(K)* with 


Reg(f) < p(f) (feC(k)). (A.2) 


If f € C(K) with Re f(x) = 0 for all x € K, then one deduces that + Re g(f) < 0, i.e., g(f) 
is purely imaginary. This implies that g(f) € R for all real valued f € C(K). Moreover, if 
0< f €C(K), then —g(f) = g(—f) < p(—f) < 0, i.-e., g is a positive linear functional. 
Finally, from 


y(t) < p(t) = +1 


we obtain g(1) = 1. This means that in the representation from the Riesz—Markov theorem 
(see [Rud87, Theorem 2.14]) the functional g corresponds to a probability measure. 

On the other hand, if jz is a Borel probability measure on K, then clearly the functional 
g defined by 


(f= [ fdw (feC(K)) 


satifies (A.2). A 


Notes For the case of real scalars, Theorem A.2 was proved by Hahn [Hah27, Satz III], 
with a norm instead of a sublinear functional, and by Banach [Ban29, Théoréme | and its 
proof ], [Ban32, II, §2, Théoréme 1] with general sublinear functionals. The extension 
(in the form of Corollary A.3) to the case of complex scalars is due to Bohnenblust and 
Sobcezyk [BoSo38, Theorem 1]. 
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Baire’s Theorem and the Uniform 
Boundedness Theorem 


Theorem B.1 (Baire) 
Let (X, d) be a complete semi-metric space, and let (Un)nen be a sequence of dense 
open subsets of X. Then (\,ex Un is dense in X. 


Proof 
Let xo € X, ro > O. It is sufficient to show that then B[xo, ro] N Ohen Un 4D. 

We claim that there exist a sequence (x,) in X and a null sequence (r,) in (0, 00) 
such that B[x,, rn] GC Un A B(xn-1,1n—-1) (n € N). Indeed, assume that x;,...,x,—1 and 
r|,...,%n—1 are chosen. Then there exist x, € Un N B(X%n-1, Pn—1) and rp € (0, rn-1/2) such 
that BIXn, tm] S Un N B(Xn-1,1n-1). 

Now the completeness of X implies that 


@#() Blaarnl S Blxo, ro] () Un. 


neN neN 


A topological space X is called a Baire space if for any sequence (U,), € N of 
dense open subsets of X the intersection ()),,-~ Un is dense in X. With this terminology, 
Theorem B.1 states that every complete semi-metric space is a Baire space. 

The following notions are used in Chapter 7. In a topological space X, a set A C X 
is called meagre (or of first category) if A is contained in the union of a sequence of 
closed sets with empty interior. A set B is called residual (or comeagre) if X \ B is 
meagre, i.e., if B is the intersection of a sequence of sets with dense interior. 

A Gs-set in X is the intersection of a sequence of open sets, whereas an F;, -set is 
the union of a sequence of closed sets. (As a consequence, a set is a Gs-set if and only 
if its complement is an F,-set.) In terms of these notions it follows that dense Gs-sets 
are residual. 
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Proposition B.2 For a topological space X the following properties are equivalent: 
(i) X is a Baire space; 
(ii) every residual set is dense in X; 
(ili) every meagre set has empty interior. 
In particular, a subset of a non-empty Baire space X cannot be residual and meagre 


simultaneously. 


Proof 
The equivalences are obvious. If A C X would be residual and meagre, then X = (X\A)UA 


would be meagre. 


A very important consequence of these notions is the uniform boundedness theorem; 
we will present only the version for linear functionals, to which we refer at various 
places in the main text. The reader should keep in mind that, in view of Baire’s theorem, 
it applies to Banach spaces. 


Theorem B.3 (Uniform boundedness theorem) 
Let (E, p) be a semi-normed space, assume that E is a Baire space, and let B C E' 
be o(E’, E)-bounded. Then sup, <p ||x'|| < 0. 


Proof 
(i) We start with a preliminary statement. Let x’ € E’, x € E,r > 0. Then 


rilxIl< sup |x’Q)I. 
ye B(x,r) 


Indeed, for z € E, ||z|| <r, one has 


Ix’(z)| < 1/2([x’@& + 21+ ix’ — 2) < sup |x’). 
ye B(x,r) 


(ii) For n € N, we define A, := {x € E; supyep |x’(x)| < n}. Then A, = 
OeB x’—|(Bx[0, n]) is a closed subset of E, and Unen 4n = E. Then Theorem B.1 
implies that there exists n € N such that An + @; see Proposition B.2. This implies that 
there exist x € A,, r > O such that B(x,r) C A,. Then part (i) of the proof implies 


sup ||x’|| < 
x/EB 


a ) 


Remarks B.4 (a) The adjective ‘uniform’ refers to the fact that the norm of the functionals 
is the supremum over the vectors of the closed unit ball; so the boundedness is uniform with 
respect to x € B[O, 1]. 

(b) We have stated the theorem only for functionals; the proof for bounded linear 
operators mapping E to a normed space is analogous. A 
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Notes Baire proved Theorem B.1 in his Thése [Bai99, II, 59] for the case of the real 
line. (Incidentally, in that paper he already introduced the notions of sets of ‘premiere 
catégorie’ and ‘deuxiéme catégorie’.) The first versions of the uniform boundedness 
theorem were proved by Hahn [Hah22, §2] for linear functionals and by Banach [Ban22, 
II, Théoréme 5] for linear operators. Neither of these references resort to Baire’s 
category theorem, Theorem B.1. The uniform boundedness theorem, Theorem B.3, 
we have presented can be proved in much more generality; we refer to [Rud91, 
Theorems 2.5 (Banach-Steinhaus) and 2.6]. 
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Index of Notation 


N 

No 

K 
P(X) 
topS 
TNC 


Bx(x,r), Ba(x,r) 
Bx[x,r], Balx,r] 
BE 

E* 

E'"(E,t)' 

PA 

qB 


(E, F) 
by, by 


B.(F, E) 


6.0. BiB, 
TM 


Tp 


set of natural numbers N = {1, 2,...} 

N U {0} 

field of real numbers R or complex numbers C, page 4 

power set of a set X, page 1 

topology generated by a collection of sets, page 3 

induced topology on a subset C of a topological space (X, T), 
page 29 

open ball with centre x and radius 7, in a semi-metric space 
(X, d), with omitted subscript ‘X’ or ‘d’ if evident from the 
context, page 2 

closed ball as before, page 2 

closed unit ball in a normed space E, page 26 

algebraic dual of the vector space E, vector space of all linear 
functionals on E, page 6 

vector space of all continuous linear functionals on a topolo- 
gical vector space E, page 8 

Minkowski functional (of a convex and absorbing set A), 
page 11 

semi-norm on E associated with a set B C F, for a dual pair 
(E, F); the Minkowski functional of B°, page 26 

dual pair of vector spaces over the same field, page 6 

the mappings b}: E > F*, by: F — E”*, for a dual pair 
(E, F), page 6 

collection of o(F, E)-bounded subsets of F, in a dual pair 
(E, F), page 26 

certain subcollections of 5, (E’, E), page 51 

polar topology on E associated with a collection M C 
B,(F, E) ina dual pair (E, F’), page 26 

topology generated by a set P of semi-norms, page 7 
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Tf 
Tns 
o(E, F) 
BCE, F) 
HW(E, F) 
U,. 


Up, Uo(E), Uo(t) 


lin A 

coA 

bal A 
acoA 

tO A, bal A etc. 
exC 
fil(F) 

spt f 

spt yu finite 
C(X) 
C,(&) 


Co(&2) 

C™ (2), E(2) 
Cy (22) 
D(Q), CP (2) 


S(R") 
lp 

(a0) 

cc), Cc 
S 

t 

M(X) 


M(X) 
[f > g] 


topology of simple convergence, (restriction of the) product 
topology, page 104 

topology of compact convergence, page 68 

topology of precompact convergence, page 101 

topology of compact convex convergence, page 101 
‘f-topology’, page 98 

topology of uniform convergence on null sequences, page 100 
weak topology on F in a dual pair (E, F), page 6 

strong topology on E in a dual pair (E, F), page 26 

Mackey topology on F in a dual pair (EF, F), page 33 
neighbourhood filter of the point x in a topological space, 
page 2 

neighbourhood filter of zero in a topological vector space 
(E, T), page 4 

linear hull of a subset A of a vector space 

convex hull of A, page 16 

balanced hull of A, page 16 

absolutely convex hull of A, page 17 

closure of co A, bal A etc. 

set of extreme points of C, page 131 

filter generated by the filter base Fo, page 30 

support of the continuous function f, page 64 

we linear combination of Dirac measures, page 114 

space of continuous functions on a topological space X, page 7 
space of continuous functions with compact support on a 
Hausdorff locally compact space Q, page 83 

space of continuous functions ‘vanishing at oo’, on a Haus- 
dorff locally compact space Q, page 64 

space of infinitely differentiable functions on an open set Q C 
R”, page 65 

space of functions in C®({2) for which all derivatives belong 
to Co(&2), for an open set Q C R¢, page 64 

space of test functions, infinitely differentiable functions with 
compact support on an open set Q C R", page 81 

Schwartz space, rapidly decreasing functions, page 67 

usual £,,-sequence space, for 0 < p < 00 

sequence space of null sequences 

space of y € K! with ‘compact support’, ce = c-(N), page 7 
space of rapidly decreasing sequences, page 20 

space of tempered sequences, page 21 

space of signed Borel measures of finite total variation on a 
Hausdorff compact space X, page 114 

subset of probability measures of M(X), page 114 

{x EQ; f(x) > g(x)}, for f, g: Q > R, page 119 


Index 


A 
Absolutely homogeneous, 5 
Absorbs, 47 


B 

Baire space, 143 

Banach disc, 76 

Barrel, 48 

Barycentre, 133 

Bidual, 28 

Bounded linear mapping, 52 


C 

Canonical embedding, 28 

Canonical map, 28 

Cauchy sequence, 42, 71 

Closed ball, 2 

Closure, | 

Cobase, 99 

— of bounded sets, 53 

Completely monotone function, 136 

Continuous mapping, 2 

Convex compactness property, 115 

Countable at infinity (for Hausdorff locally 
compact spaces), 20 


D 

Distribution, 82 

— integrable distribution, 128 
Dual, dual space, 8 

Dual pair, 6 

— separating, 6 
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E 
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Equicontinuous, 47 
Equi-integrable, 119 
Extreme point, 131 
Extreme subset, 131 


F 


Filter, 30 


Cauchy filter, 71 

cluster point, 30 

elementary, 30 

filter base, 30 

finer, 30 

fixed at a point, 30 
generated by a filter base, 30 
image filter, 31 

limit of a filter, 30 

ultrafilter, 30 


Finite intersection property, 29 
Fréchet—Montel space, 64 


H 


Homeomorphism, 2 
Hull 


I 


absolutely convex, 17 
balanced, 16 
convex, 16 


Inductive limit 


LB-space, 83 

LF-space, 83 

locally convex inductive limit, 83 
strict locally convex inductive limit, 83 
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Interior, | 
Is absorbed by, 47 


L 
Locally convex space, 14 


M 
Metric, see semi-metric 
Minkowski functional, 11 


N 

Neighbourhood, 2 
Neighbourhood base, 2 
Neighbourhood filter, 2 
Norm, 5 


O 
Open ball, 2 


P 
Pettis-integrable, 114 
Polar, 23 


R 
Rapidly decreasing functions, 67 
Rapidly decreasing sequences, 20 


S 

Schwartz space, 67 
Semi-metric, 2 

— equivalent, 19 

— translation invariant, 18 
— uniformly equivalent, 19 
Semi-metric space, 2 
Semi-norm, 5 

Set 

— absolutely convex, 16 

— absorbing, 5 

— absorbing another set, 47 
— balanced, 16 

— barrel, 48 

— bornivorous, 48 

— bounded, 24 

— compact, 29 

— complete, 71 


— conditionally countably compact, 103 
— conditionally sequentially compact, 103 


— convex, 11 
— directed (for ordered sets), 18, 27 


— equicontinuous, 47 
equi-integrable, 119 

— metrisable, 34, 43 

— precompact, 93 

Set in a topological space 

— F,-set, 143 

— Gs-set, 61, 143 

— meagre, first category, 143 
— residual, comeagre, 143 
Special approximate unit, 127 
Standard exhaustion, 65 
Sublinear functional, 11 
Support of a function, 64 


T 

Tempered sequences, 21 
Theorem 

— Alaoglu-Bourbaki, 32 

— Baire, 143 

— Banach, 78, 97 

— Banach—Alaoglu, 32 

— Banach—Dieudonné, 100 
— Bernstein, 137 

— bipolar theorem, 25 

— Dierolf, 108 

— Dieudonné—Schwartz, 85 
— Eberlein, 107 

— Eberlein—Grothendieck, 104 
— Eberlein-Smulian, 103, 108 
— Goldstine, 26 

— Grothendieck, 120 

— Grothendieck completion, 76, 78 
— Hahn-Banach, 139 

— Krein, 113, 116 

— Krein—Milman, 132 

- Krein-Smulian, 101 

— Mackey, 45 

— Mackey—Arens, 37 

— Montel, 65 

— Schwartz, 87 

— Tikhonov, 29 
Topological space, | 

— compact, 29 

— completely metrisable, 60 
— Hausdorff, 2 

— metrisable, 2, 18 

— regular, 72 

— semi-metrisable, 2 

— o-compact, 21 
Topological vector space, 4 
— barrelled, 48, 88 


Index 


— bornological, 49, 88 

— complete, 89 

— completion, 72 

— countably quasi-barrelled, 53 
— DF-space, 53 

— Fréchet space, 19 

— locally convex, 14 

— Mackey space, 50 

— Montel space, 64 

— quasi-barrelled, 49, 88 

— quasi-complete, 71 

— teflexive, 28, 64, 68 

— semi-metrisable locally convex, 18 
— semi-Montel space, 64 

— semi-reflexive, 28, 63 

— sequentially complete, 71 
Topology, 1 

— base, 3 

— coarser, 2 

— discrete topology, 2 

— final topology, 59 

— finer, 2 

— generated by S, 3 

— induced topology, 29 

— initial topology, 3 
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— product topology, 3 
stronger, 2 
— subbase, 3 


— trivial topology, 2 

— weaker, 2 

Topology on a vector space 

— compact convergence, 8, 68 

— compact convex convergence, 101 
— compatible with a dual pair, 28 
— generated by semi-norms, 7 

— linear final topology, 81 

— linear topology, 4 

— locally convex, 14 

— locally convex final topology, 81 
— Mackey topology, 33 

— natural topology, 47 

— polar topology, 26 

— precompact convergence, 101 

— strong topology, 26 

— vague topology, 114 

— weak topology, 6, 16 

Triangle inequality, 2, 5 


U 


Uniform space, 68 


